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The present text is the enlarged version of the preparatory course which was
taught on June 9, as an introduction to the dynamical system mini-course of the
summer school.

We present some basic definitions first on discrete dynamical systems, then
on systems of ordinary differential equations, and finally on the relations between
them. In order to make the text as self-contained as possible, an appendix on
calculus has been added.

1 Discrete dynamical systems

1.1 From a mathematical point of view, the definition of a discrete dynamical
system is incredibly simple: it is just a map from any set in itself.

The set is called the phase space; it represents all the possible states of the
system under study. We shall denote it by M, and we give ourselves a map

F: M— M,

which is supposed to describe the evolution of the system between any two instants
of time: it sends a point p of M (a state of the system at a given instant) onto a
new point F'(p) (the new state of the system, at the next instant).

We are interested in the long-term evolution of the system. Thus, if the initial
state of the system is known, we need to apply the map F' to get the next state,
and to apply it again to know what happens after this, and again, i.e. to iterate
the map F'

What is discrete here is the time:! measuring the state of the system at time
t =0, then ¢ =1, and then t = 2 ... (with a given unit of time), we get a sequence
of results pg, p1, po, . . . satisfying the induction formula

Pnt1 = F(pn)

! Discrete as opposed to continuous—see Section 2.



We are thus modelling a deterministic process: as soon as the initial state pq is
known, the future evolution of the system is determined, namely p; = F(po) at
time 1, p; = F'(p1) = F(F(po)) at time 2, p3 = F(p2) = F(F(F(po))) ... ; only the
initial point pq is arbitrary.

1.2 A simple example is the growth of a population with a fixed fertility rate A > 1:
the state of the system is completely described by the number p,, of individuals at
generation number n, which obeys the law

Pn+1 = )\pn

(which amounts to saying that the number of individuals at generation n + 1 is A
times the number at generation n). Another example is the disintegration law of
a radioactive substance: assuming that a proportion g of nuclei is transformed
between two measurements, we find that the quantity p of radioactive substance
obeys the law

Pn+1 = Pn — UPn-

In both cases, one can take M = R*, the set of non-negative real numbers, and
F(p) = Ap, with A =1 — 1 €]0,1] in the second example.
In both examples, starting with an arbitrary py > 0, we find the exponential

law?

Pn = A"Do,

which describes unbounded proliferation when A > 1 (then p,, tends to infinity as
n — 00), or extinction when 0 < A < 1 (then p,, — 0).

1.3 But these examples are terribly simple. There is in general no closed formula
relating the state p, at time n and the initial state pg, even if the map F' does not
look too complicated.

Figure 1 shows® what happens with the so-called “standard map” (a famous
model of mathematical physics, but we shall not discuss what this model is for):
here, two variables x and y are needed to describe a point p of the phase space,
and the map is

¥ =z+y+esinx

F(z,y) = (2',y), (1)

Y =y+esinz
(the positive number ¢ is a fixed parameter).

Given an initial state (xg,yo), we can compute x1 = xg + Yo + €sinzg, y1 =
Yo + €sinzg, and then x9 = 1 + y; +esinxy, yo = y1 +esinxy = yg + esinzy +
esin(zg + yo + esinxg), but the formulas get more and more complicated pretty
quickly, and it is for large n and arbitrary (xo,yo) that we’d like to know the
behaviour of (x,,y,)! Figure 1 shows, in different colors, 11 initial conditions and

2The sequence {\"pg} is a geometric progression with ratio A, but we call this an exponential
law because \" = e?" with a = log A.
3Warm thanks to Ph. Robutel, who kindly accepted to make this picture for this course!
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Figure 1: 11 orbits of the standard map, with € = 0.9.



the next 5000 points they give rise to: the behaviour of this systems indeed seems
quite complicated. . .

1.4 In the general abstract situation F' : M — M, any point p of M can be
considered as an initial condition p = pg, corresponding to the state of the
system at the origin of time. The future evolution of the system is then determined
as a sequence {po, P1, P2, - - -} = {Pn}nen, which is called the forward orbit of p.
At time n > 1,
pu= F(F(---Flpy)-+-)) = F"(po).
———

n times

This is the definition of a map F™ : M — M, which is the n'* iteration of F and
which describes the evolutions of the systems between two instants separated by
n units of time; we also define F° = Id, the identity map of M (i.e. F°(p) = p: if
the initial condition is p, then the state at time 0 is still p!).

The maps we shall be interested in will be invertible: there exists a so-called
reciprocal map G : M — M such that F(G(p)) = p for any p. In other words,
for any initial condition pg = p, the past evolution is also uniquely determined:
we had p_; = G(p) at time —1, and previously p_s = G(G(p)) ... It is convenient
to set 7! = G, and more generally =" = G™. The bi-infinite sequence {p, =
F™(p)}nez is then called the complete orbit of p.

The (obvious) property F™(F¢(py)) = F**"(py) can be written

F" o FZ — Fﬂ—l—n

(using the symbol o for functional composition). It amounts to saying that, when
we take an arbitray point F*(pg) on the orbit of py as new initial condition we get
the same orbit, except for the time-shift n — ¢ + n. Each orbit thus represents a
possible history of the system, on which the choice of the origin of time is arbitrary,
and the phase space can be regarded as the disjoint union of the orbits (each point
of the space belongs to one orbit, namely to its own orbit, but to no other). The
theory aims at understanding all the possible behaviours of the system, i.e. the
various types of orbits and their arrangement one with respect to the other.

An orbit may be reduced to a single point: this happens if and only if F'(py) =
Po, the point py is then called a fixed point of F' (or an equilibrium: if the system
is in this state at some instant, in fact it stays in this state forever). For instance,
the point (0,0) is a fixed point of the aforementioned standard map—can you find
another one? (remember that the sin function vanishes at 0 and 7.)

An orbit may be reduced to a finite sequence of points {po, p1,...,pn_1}, i.e.
it may happen that py and the initial condition py coincide, but then py,; and p;
must also coincide, etc. (because the system is deterministic: whenever you are at
a point py, you must be at p; = F(pg) at the next instant). This happens if and
only if pg is a fixed point of F'V; its orbit is then called N-periodic (the system
passes through the states pg, p1,...,pn_1, and then indefinitely repeats this finite
sequence of states in the same order: F*™*N (py) = F(p,) for all £ € {0,..., N —1}
and k € Z).



On figure 1, we can guess that the point (0, 7) has a 2-periodic orbit.* Looking
at the picture, can you guess in what region of the phase space we can find a
4-periodic orbit, a 8-periodic orbit, or a 10-periodic orbit?

1.5 The complexity of the system depends on the number of variables needed
to describe a state, i.e. on the dimension of the phase space. The dimension
was 1 in our first examples in § 1.2, and it was 2 for the standard map of § 1.3,
which was already a pretty complicated system. But to model a real system one
sometimes needs much more dimensions, which makes things harder to analyse
and to visualize. ..

The complexity depends also on the shape of the map F'. The simple examples
of § 1.2 can be generalized to an arbitrary number of dimensions by what is called
a linear system. Here, we let d > 1, and the phase space is R? = R x --- x R,
i.e. a point p is determined by d real numbers (its coordinates), which we find
convenient to write in a column

x1

T2

Zq
We consider a map F' of the form

1,171 + a12T2 + -+ a1,4Tq
a2 177 + A22T2 + -+ a9 dld
F(p) = . )

Qq1T1 + Aq2X2 + -+ Ad.dld

where the coefficients a; ; are fixed real numbers. The system is thus completely
determined by these numbers, that we find convenient to write in a matrix

11 Ar2 -+ Q14

Q21 Ag2 -+ Q24
A= i

Qg1 Q42 - QAdd

This is the definition of the linear map from R? into itself associated with the
matrix A; one usually writes F'(p) = A - p.

4In fact, (20, y0) = (0, 7) implies that (z,,,y,) = (nm, 7), which is not a periodic orbit in R x R,
but it is natural here to consider the first variable as an angle, i.e. to identify any two points the
first coordinate of which differ by an integer multiple of 27 (because the system depends on z
only through sin z, which is a 27-periodic function of x). With this convention (z2,y2) = (27, 1)
and (zo, yo) are identified.

The whole figure 1 was made with that convention: each time a point (z,,y,) was computed,
an appropriate multiple of 27 was substracted from the first coordinate in order to yield a point
in [0, 27 x R. We should consider as the true phase space of this system the set S! x R, where
S! = R/27Z is the circle (with angular coordinate ).



Linear algebra helps us to iterate such a map in a very efficient way, by simply
manipulating the matrix A. For instance, it tells us how to recognize whether the
map is invertible (as defined in § 1.4) by computing a certain combination of the
coefficients a; ; (the so-called determinant of the matrix). It tells us that iterating
n times the map F' amounts to multiplying n times the matrix A by itself, where
multiplication of matrices is defined by certain rules, so that F™ is itself a linear
map: F"(p) = A" - p, where A" is a certain matrix.

But it also tells us how one can compute the matrices A™ for all values of n.
Quite often it is indeed possible to diagonalize the matrix A, i.e. to reduce the
situation to the simplest possible form:

MO -0 T A1
0 XN --- 0 T Ao

A= . ’ . ) F: .2 = 2. ’ ) (2)
0O 0 -+ X Tq AdTd

in which case we simply find d independent exponential laws

A — . 2 7 J -77'2 - 2 X2
0 0 tee )\3 Tq Z.Q?d

The complete analysis of such a system is then easily achieved.

The reduction of the system to the diagonal form (2) is done by a linear change
of coordinates, which may be not so easy to find, but this task needs to be per-
formed only once and then all the orbits are easily determined!

1.6 Here is a simple example with 2 dimensions: suppose the coordinates of p and
those of p’ = F(p) are related by the linear formulas
, 7 15

/
] = =31 + TT2, Ty = —=x1 + —Ta.

2 2

A little practice in linear algebra will lead you to define new coordinates
X1 = —x1 + 229
Xo = 11 — T,
from which the old ones can be recovered by the formulas
1= X1+ 2X,
Ty = X7 + X,

Ifp= (i;) has new coordinates (i; ), then F(p) = (z:;) has new coordinates

X| = —xf + 225 = —4a; + 8xy = 4X,
11X (3)

Xy=a) —xh= -1 — 19 =

2 2 2
6



Figure 2: A linear system in 2 dimensions.

z 1;5 ) is brought to the diagonal form D = (é g )

by the change of coordinates (i; ) — (§; ) We can then describe all the orbits of
the system:

In other words, the matrix A =

— There is a fixed point at the origin (as always with linear systems).

— Two special families of orbits correspond to the vanishing of one coordinate

o (8)- () o (3)- ()

This means that if the system starts on the axis {X; = 0}, then it stays on it
forever: the corresponding straight line in the original coordinates E®) = {—x; +
2x9 = 0} is said to be invariant by F' (and similarly for the axis {Xs = 0}, which
corresponds to the straight line E® = {x; — x5 = 0}). Observe that the forward
orbit of a point on {X; = 0} tends to the origin (simply because 2™ tends to 0 as
n — +00), whereas the forward orbit of a point on { X, = 0} escapes to infinity;
however, the second kind of point is characterized by the fact that the backward
orbit tends to the origin (because 4™ tends to infinity as n — +o00, but tends to 0
as n — —o0). One can say that the point of {X; = 0} are attracted by the origin
and that those of {X, = 0} are repelled by the origin.’

— A general initial condition with X; # 0 and X5 # 0 does not give rise to an orbit
contained in a fixed straight line, but formula (3) shows that X|(X})? = X;(X3)?,
thus these orbits are contained in the curves {X;(X3)? = constant}, which corre-
spond to hyperbola-like curves in the original coordinates—see Figure 2. In other
words, the function ¢ which associates the value X;(X5)? with any point of the
phase space satisfies

Foyp=F,

5This is a linear instance of the so-called stable or unstable manifolds to be encountered in
Section 4.



and is called a conserved quantity for that reason; its level curves {p(p) =
constant} are thus invariant by F'.

1.7 The numbers Aq,...,\; in (2) are called eigenvalues. As we saw in the
previous 2-dimensional example, eigenvalues with absolute value smaller than 1 are
related to contraction and attractive behaviour along the corresponding directions,
whereas eigenvalues with absolute value larger than 1 are related to dilatation and
repulsive behaviour.

It may happen that diagonalisation is not possible with real eigenvalues but
the system admits complex eigenvalues. The simplest case is

A - cosw —sinw
sinw cosw /'’

for which \; = ¢, Ay = e7¥. The associated linear map is a rotation of angle w
in the plane; the n'" iterate is then a rotation of angle nw:

o (cos(mu) - sin(nw)) |

sin(nw)  cos(nw)

As a rule, non-real complex eigenvalues come in pairs of conjugate complex num-
bers and correspond to oscillatory behaviour. Rotation can be combined with
contraction or dilatation; the reader may try to analyse the orbits of the linear
map of matrix

%cosw —%sinw 0 0

A= %sinw %cosw 0 0
0 0 2cosw —2sinw
0 0 2sinw 2cosw

Sometimes, diagonalisation is not possible at all, even with complex numbers,
but linear algebra provides us with enough tools to deal with any linear system
in any dimension, in a fashion which is almost as satisfactory as in our simple
examples.

Non-linear systems are usually much more difficult to understand. Still, one can
sometimes find invariant curves, or invariant higher-dimensional invariant surfaces,
or special orbits which are attracted or repelled by a fixed point or by a periodic
orbit, etc., which help us to understand how the orbit are arranged in the phase
space.

2 Differential equations and vector fields

Differential equations give rise to dynamical systems with continuous time, but
this requires a more elaborate mathematical apparatus, since we need to rely
on concepts like differentiability and derivatives. The reader is referred to the
appendix for a brief reminder concerning the notions of open subsets, continuous
and continuously differentiable functions, parametrised curves, etc.



2.1 We shall deal with systems of autonomous differential equations of
order 1, i.e. systems of equations of the form

dx
d—tl =fi(z1, 22, ..., 7N)
d.ng
at =fao(21, 22, ..., TN) (4)
dx
d—;v =fn(T1, T2, ..., ZN).
Here N > 1 is an integer (the dimension) and f, fo, ..., fv are functions. Each

f; is a real-valued function of N real variables, defined on RY or maybe on a
subset Q of RY, which is then supposed to be open. We shall always assume that
the functions fi, ..., fx are continuously differentiable.%

The open subset © of RY on which the right-hand side of the system (4) is
defined is called the phase space. Like in the discrete case (§ 1.1), it represents
all the possible states of the system.

We have a solution of the system (4) whenever we have N differentiable func-

tions xq,...,xy : I — €0, where [ is an open interval of R, such that

dx

d—tl(t) =fi(z1(t), za(t), ..., N (1))

dx

d—;(t) = fo(21(1), 2o(1), .. ., N (1))

d.TN

F(ﬂ =fv(z1(t), za(t), ... N (1)),
for all ¢ € I. In other words, in place of zi,...,zy (which are independent
variables from the point of view of the functions f;), one must substitute unknown
functions xq,...,zy of the independent variable ¢. This variable t is called time

because this is what it is supposed to represent.
It is convenient to group together the functions in the right-hand side and to
consider the vector-valued function

=0 fn) Q—”RN,

which is called the vector field associated with (4). We also group together
the components of a solution: a solution is then viewed as a parametrised curve’
v: I —Q t—y(t) = (2:(t),...,2n(t)), such that

T = 1G0) )

6See the definition in § 5.3.
"See the definition in § 5.7.



for all t € 1.

“Vector field” simply means that at each point p of the phase space we are
given a vector f(p). We may think of v(¢) as of a mobile point which is asked
to follow the “infinitesimal trend” which is indicated by the vector field at each
instant of time: equation (5) means that the velocity vector® at time ¢ must equal
the given vector at the location 7(t) reached by the mobile point.

We are thus describing the time-evolution of the system by a solution v =
(x1,...,2n) of (4), which is equivalent to (5). The state of the system at time ¢ is
represented by a point 7(t) in the phase space, which moves continuously according
to the law (5) as time varies. Such a system is deterministic: we shall see in § 2.5
that, as in the discrete case, the evolution of the system (past and future) is
completely determined as soon as the state is known at a given instant of time.

2.2 Here is an example discussed in [HW], Part 2, pp. 19-20. In order to model the
fluctuations in the populations of sardines and sharks, the Italian mathematician
Volterra proposed the following system of differential equations

dxl

— = aAx1 — Cx1X2
dl’g
i bxy + dxi2o,
where a, b, ¢, d are positive parameters.
Here z; represents the number of sardines and x5 the number of sharks,” and
these two positive numbers completely describe the state of the system (thus
2 =10, +00[ x ]0,400[). The idea is that in the absence of sharks, the sardines

d
would tend to proliferate: the rate of increase of their population % would be

proportional to their number 1, hence the term ax; symmetrically, in the absence
of sardines, the sharks would not survive and it is assumed in this model that the
rate of decrease of their population would be proportional to their number z,
hence the term —bx,. But there is an interaction between the two populations
(best appreciated by sharks), which tends to decrease x; and to increase x5, hence
the terms —cxix9 and dzyzy (proportional to the total number 25 of possible
encounters).

It turns out that all the solutions of (6) are periodic functions of time (but they
have not all the same period), which fits satisfactorily with the periodic fluctuations
observed when fishing.

2.3 A periodic solution of (5) is a solution ¢t — 7(t), defined for all real values
of t, for which there exists a positive number 7" > 0 such that

Yt +T) = ()

8See the definition in § 5.7.

90f course, in this mathematical model, we forget that the numbers of individuals should be
integer numbers and treat them as real numbers which change continuously, an approximation
which is tolerable when these numbers are large enough. In fact an integer-valued function cannot
be continuous (nor differentiable), unless it is constant.

10



(compare with the definition of periodic orbits of discrete systems in § 1.4).

An equilibrium point of (5) is a constant solution, i.e. a point py of the phase
space such that ¢ — () = pg is a solution. Since we then have v/(t) = 0 for all ¢,
this is equivalent to having f(pg) = 0: the vector field must vanish at py.

Observe that Volterra’s prey-predator system (6) has exactly one equilibrium
point: (%, ). Maybe the reader wonders how we know that all the other solutions
of this system are periodic; this is related to the existence of a first integral.

A first integral of the system (5) is a differentiable function on the phase
space, G : 2 — R, such that

dG(p)- f(p) =0, peQ (7)

(the left-hand side is the differential of G' at p, which is a linear map from R¥

to R, evaluated on the vector f(p) € RY; it is equivalent to say that the function

oG oG
—f1 + -+ - —— fn vanishes identically—see § 5.2). In view of (5) and according
(%1 8x N

to formula (21) in the appendix, this is equivalent to &[G (7(t))] = 0 for any

‘t:to
solution v at any to, ¢.e. to the fact that t — G (v(t)) is a constant function for
any solution v, hence:

A first integral is a function which takes the same value along any
solution of the system.

(Compare with the definition of a conserved quantity for a discrete system in § 1.6.)

Level sets of first integrals are examples of invariant sets. A subset X of the
phase space is said to be invariant for (5) if, whenever a solution has a point in 3,
all this solution is contained in ¥ (more precisely: for any solution 7 : I — €, the
existence of a ty € I such that y(ty) € ¥ implies that y(t) € X for all t € I).10
Thus, G is a first integral if and only if, for every ¢ in the range of GG, the level set
Y. ={pe Q| G(p) =c} is invariant.

In the case of system (6), one can check that the formula

b_.a _—dri—cx
G(x1,x9) = xiay e 172

defines a first integral (§§ 5.3-5.4 and § 5.6 contain enough information to lead
you to g—g(ml, Ty) = 2528 (b—dxy) e=%17*2 and a similar formula for g—g(xl, Ta),
from which (7) follows). This is sufficient to draw all solutions of (6), since the
level sets {G' = constant} are curves in 2, and they must be invariant. It turns out
that these level sets are closed curves; for each solution, the corresponding mobile
point is constrained to travel periodically along the curve in which the solution is
contained—see Figure 3.

When dealing with systems of dimension N > 3, finding a first integral is not
the end of the story, since its level sets will not be invariant curves but invariant
“hypersurfaces”, i.e. invariant subsets of dimension N — 1, on which there is room

10Tf you know what a submanifold is, you can check that a closed submanifold ¥ of Q is
invariant if and only if, for each p € 3, the vector f(p) belongs to the tangent space to X at p.

11



)

curve { G = constant }

X

b/d
Figure 3: Periodic motions for Volterra’s prey-predator system.

for all kinds of solutions. Still, it is worth finding as many first integrals as you can,
or more generally invariant subsets of dimension as small as possible, in order to
deal with “subsystems” of smaller dimension whenever possible—this may reduce
drastically the complexity of the problem under study.

2.4 Tt is sometimes necessary to consider systems of non-autonomous differ-
ential equations, i.e. systems more general than (4) because the right-hand side
also depends on time:

dz
o =Nz, o)
dl‘Q
—_— = t
dt fg(.ffl,xg, y TN, ) (8)
dx
d—tN :fN(.CEl,xg,...,.TN,t).

The corresponding vector-valued function

=0 fn): QxR —RY,

is called a non-autonomous vector field, and the analogue of equation (5) is

D) = 1(0).1). )

Imagine for instance that we want to model the effect of fishing on the pop-
ulations of sardines and sharks interacting according to (6). We may include in
the right-hand side terms which contribute to decrease these populations, with

12



efficiency rates A and u:

d.fEl A
— = ar| — Ty — AT
T 1 122 1
d

% = — by + dr119 — 125,

If A and p are positive constants, this simply amounts to using new parameters
a— A and b+ p instead of @ and b (which modifies the location of the equilibrium
point, for instance), but maybe we want to incorporate in the model periodic
fluctuations of the fishing activity according to seasons, or non-periodic changes
related with demography and economics... we then end up with

dx

d—tl = (a— A1)z — caras
d

% =— (b+ pu(t))z2 + dzy2s,

where the dependence on time in the right-hand side corresponds to external
changes in the system (as opposed to internal changes of state modelled by the
differential equations themselves).

2.5 The fundamental result of the theory is the Cauchy-Lipschitz theorem, which
asserts the existence and unicity of the solution as soon as an initial condition
is prescribed:

If Q is an open subset of RY and f : Q x R — RY is continuously
differentiable, given any py € € and to € R, there exists a unique
solution t — ~y(t) of (9) such that ~y(ty) = po.

The solution is not always defined for all £ € R (even in the autonomous case):
depending on pg and %y, there is a maximal interval I on which the solution is
defined and satisfies the system of differential equations (of course this interval
contains ty).

Indeed, it may very well happen that the mobile point corresponding to the
solution gains more and more speed and that it reaches infinity (or the boundary

of Q) in finite time. For example, consider the autonomous differential equation

dx
- 2% with R as phase space: it is easily seen!! that the only solution defined for

all times is the constant solution v(¢) = 0 associated with the equilibrium point at
the origin, while if zy > 0 for instance, the maximal solution 7 such that v(0) = z,
Zo . 1
with I = }—oo, —[
— o Lo
This phenomenon never happens with linear systems, i.e. when the vector
field f is defined by a matrix-valued function ¢ — A(t) = [a; ;(t)]1<i j<n according

istE[»—>7(t):1

"Tn the autonomous case with N = 1, say 92 = f(z), the formula t = t; + fgo(t) f‘%ii) is

available, which only requires a quadrature, and we are left with the comparatively easy problem
of inverting the relation () — t.

13



to the formulas
fi(xl, . ,xN,t) = ai,l(t)xl + CL@Q(t)ZL’Q + 4 CL@N(t)JIN, 7= 1, c ey N (10)

One can prove that all the solutions of such a linear system are defined for all
times.

Sometimes, when dealing with a non-linear system, one can find a “trapping re-
gion”: a closed subset C of the phase space with the property that at the boundary
points of C the vector field points inside C (or is tangent to C); in that situation,
for all pg € C and ty € R, the forward solution is defined without restriction on the
whole of [tg, 00 and stays confined in C (because it cannot escape, so to speak).

3 The dynamical system point of view on differ-
ential equations

The theory of dynamical systems with continuous time can be described as the
qualitative theory of differential equations; it aims at understanding all the possible
behaviours of the system under study, although it is usually impossible to write
explicit formulas for the solutions of differential equations. Rather than studying
the solutions one by one, we try to define relevant geometric properties of the
vector field; in fact, we already began, with the definition of first integrals, invariant
subsets, trapping regions. Our main goal here will be to show the relation with
discrete dynamical systems.

3.1 Let us consider a non-autonomous vector field f : @ x R — R as in § 2.4.
To simplify the discussion, we shall assume that all the solutions are defined for
all times—such a vector field is said to be complete—, but this restriction is not
essential.

The Cauchy-Lipschitz theorem allows us to define a family of maps from {2 in
itself as follows. Given fp,t; € R, we define the flow map @, : Q@ — Q by
considering, for any point p, the solution + with initial condition p at time tq, i.e.
po = Y(to), and following it until time ¢;:

Dy 4, (p) = (t1), ~ unique solution such that (o) = p.

It is obvious that @4 4, 0 Oy ry = Pyys, (flowing along a solution from time ¢
to time t;, and then from time ¢; to time 5, amounts to following the solution
between times ty and ¢!), and that @, = Id. As a consequence, each map @, 4,
is invertible and (@, ;)" = ®;, 4, (Moreover, since we always suppose our vector
fields continuously differentiable, one can prove that these maps are continuously
differentiable; this is a result on the regularity of the solutions with respect to
initial conditions.)

Assume now that the vector field is autonomous, i.e. that f : Q — R” does not
depend on time. Formula (20) in the appendix then shows that, for any constant
a € R, the time-shift ¢ — a + t applied to a solution v produces a parametrised

14



curve t — I'(t) = y(a+t) which is also a solution: I''(t) = v'(a+1t) = f(y(a+1t)) =
f(I'(t)). If v was the solution starting at py at time ¢y + a, then I' is the solution
starting at the same point py a moment before (if a > 0), at time (. It follows that
Dy 1, = Potryatre, (travelling between times ¢y and ¢; or doing it a moment later,
between times a + ty and a + t1, produces the same result; here, we use crucially
the autonomous character of the vector field: the law of evolution of the system
does not depend on the time at which you look at it).

Equivalently, we can say that the family of flow maps of an autonomous vector
field can be written as a one-parameter family of maps: if we set!?

P =Dy, Q- Q, teR

(i.e. we consider all initial conditions at time 0), we recover all the flow maps by
Dy, = P00 We call @ the time-t map; this yields a family of invertible maps,
with (<I>t)_1 = &', which satisfies the so-called one-parameter group property

P’ =1d, P° o P! = P, s,t € R. (11)

Thus, the solution with initial condition py at time to is t — y(t) = Py, (po)
in the non-autonomous case, and it can be written ¢ — ~(t) = ®'""(pg) in the
autonomous case.

Note: Given any family (¢;) of maps 2 — € satisfying the one-parameter group
property, we can define an autonomous vector field f by the formula

d

f(p):E

(2(p) oy €RY,  peEQ (12)

d
We then observe that, for any ty, the velocity vector T (gpt (p)) =gy AL be written

d . ) d
g(gpsﬂo (p))|s:0 by formula (20) in the appendix, or &(@s(@to (p)>)\s:o by (11),

and thus equals f(¢y(p)) (by definition of f). This exactly means that ¢, is
the time-t map of f. The vector field f is sometimes called “the infinitesimal
generator” of ;.

3.2 A solution is, by definition, a parametrised curve ¢ — ~(¢). Its range
{7(t),t € R}, which is a subset of the phase space, is often called an orbit (or a
trajectory) of the vector field (i.e. we forget time-parametrisation when thinking
about the orbit instead of the solution). Observe that, in the autonomous case,
the trajectories of the system do not cross in the phase space §2: if two solutions
pass through the same point, they necessarily define the same curve, maybe with
a time-shift. Indeed, if 7; and -, are solutions with ~;(t1) = 72(t2) = ps, then
Y1 (t) = @ (p,) and y,(t) = ®72(p,) for all times.'® We thus have a “foliation”
of the phase space by solution curves.

12The notation ®? is reminiscent of the notation for the iterates of a discrete dynamical system,
but here ¢ is a real number, not necessarily an integer number!

13Consequently, in order that a solution v be T-periodic, i.e. y(t + T)
sufficient that (¢t + T') = v(t) for a particular value of ¢, for instance for ¢

~(¢) for all ¢, it is
0.
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This is not true in the non-autonomous case. But, according to the unicity
statement in the Cauchy-Lipshitz theorem, we recover an analogous property when
taking into account the time: if two solutions pass through the same point at the
same time, they necessarily coincide for all times.

There is an abstract way of reconciling both cases: one can associate with
any non-autonomous vector field (8)—(9) on Q an autonomous vector field on the
extended phase space ) = QO x R. The idea is to repladce t in the right-hand side

TN+1

of (8) by an extra variable x4 subject to evolution law =" = 1 (which will force

it to coincide with time, up to a constant shift). We thus define f: Q — RN*! by

dl’l

—_— = T1,22y..., TN, T

dt fl( 1,42 N N+1)
de

—_— :fN($1,$2,...,.TN,$N+1)
dt
d$N+1: 1

dt ’

and we let the reader check that the corresponding autonomous flow satisfies
®t2_t1 (p7 tl) = (cbtl,tz (p)v t2) fOI' all (p7 Zfl) S Q. ThUS,

any non-autonomous vector field on Q@ C RY is equivalent to an au-
tonomous vector field on = Q x R with one more dimension.

3.3 Similarly, any differential equation of order higher than 1 can be brought
into the form of an autonomous system of differential equations of order 1 but of
large enough dimension. For instance, laws of physics often correspond to second-
order differential equations for one or several variables (“degrees of freedom”),
and experience indeed tells us that the position of a mechanical system at a given
instant is not sufficient to determine its motion, we need to specify the velocity at
the same instant. Here are two classical examples.
The equation for the pendulum, which is discussed at the beginning of [Ch]
(see the numerous figures therein), can be written
d’z )
mﬁﬁ = —mgsinz,
where the position of the pendulum is determined by the angle x counted coun-
terclockwise from the lower position, m is the mass of the pendulum, ¢ the length
of the string, and ¢ the gravitational constant at Earth’s surface. Introducing the

angular velocity v = i—f, we get the system
dx
— =
dt
dv g (13)
— = — Zsinx.
dt l



The phase space is thus 2 = R x R, or rather S* x R, where S' = R/27Z is the
circle with angular coordinate x defined modulo 27w. We shall return to this simple
model later.

Another famous example is the so-called three-body problem. Consider
three masses m;, mg, mg with positions 2™, 23 23 in R? (which amounts to 9
real variables J:gl),xgl),xgl),x§2),x§2),x§2),x§3),x§3),x§3)), subject to Newton's law
of gravitation only: we get 9 second-order differential equations, which can be
written as three equations in R?:

d?zW 72 — 2@ 23 — 2
my 12 :Gm1m2m + Gmlmgm
d2x(® 3 — (2 D _ 42
mo a2 :GmQWSM + Gmgmlm
d2x® 1) _ 03 (2) _ 3

ms * =Gmszmy * :17 + Gmsma * *

[FREFElE [e® — 2O

To obtain a system of first-order differential equations, we need to introduce 9

4 dz®
more variables, namely the components of the velocities v = zt . We get an
autonomous vector field in dimension 18, which splits into six R3-components:
1
dx( ) _ ’U(l)
dt
do® @ — @ 23 — @
T P A PR
2
dz® @
dt
dov®
dt

Here the phase space is (R* x R* x R*\ A) x R? x R? x R3, where
A= {20, 2@ 20| 20 = 4@ o 1@  56) op 1) — ;@1

is the “collision set”. This system admits some first integrals which help to re-
duce the dimension (among which the three components of the total “impulsion”
miv® +mav® +msv® and the total “energy” defined in § 3.5), but its behaviour
is far from being well understood (with only two bodies, on the contrary, all the
solutions can be described satisfactorily—this is the so-called Kepler problem).

Keep in mind that one can always work with an autonomous vector field, pro-
vided the phase space is suitably defined, and that the time-t maps ®' are then
sufficient to describe all the solutions, each point in the phase space determining
uniquely a solution which goes through it at time 0.
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3.4 As in the case of discrete dynamical systems, some systems are simpler than
the others regardless of the dimension: we say that we have a linear system
of differential equations with constant coefficients when the vector field f
is autonomous and defined through a constant matrix A = [a;]1<;j<y by the
formula

f:xeRY s A2 cRY. (14)

The corresponding system of differential equations has the same form as in (10),
but this time the coefficients a; ; are constant, i.e. we have an autonomous linear
system. The salient feature of linear systems, autonomous or not, is that the
flow maps ®;,;, are linear maps from RY into RY (as is easily checked by using
the unicity statement in the Cauchy-Lipschitz theorem and the characterisation
of linear maps as those which send a linear combination of vectors to the linear
combination of their images with the same coefficients). In the autonomous linear
case, we have moreover the formula'#

' = exp(tA),

where exp( . ) denotes matrix exponentiation:

1 1
exp(B)-m:x+B-x+532-x+§B3-x+-~

for any matrix B and vector x.

For an autonomous linear system, the phenomenology is similar to what was
alluded to in §§ 1.5-1.7, the most important thing being the eigenvalues Ay, ..., Ay
of the matrix A, which yield eigenvalues e, ... e~ for the linear map ®!. If an
eigenvalue )\; is negative, it is associated with contraction along the corresponding
directions: there exists nonzero vectors x such that A -z = \;x, which yields

Pl(x) = etix P 0. Similarly, a positive eigenvalue \; is associated with
— 100

dilatation. More generally, for complex eigenvalues, what matters if the sign of
the real part: the contraction or dilatation may be combined with rotation if the
imaginary part is nonzero.

Purely imaginary eigenvalues are associated with oscillatory behaviour. We
can illustrate this with the small oscillations of the pendulum around its lower
equilibrium point. Consider the case where the angle zq is close to 0 and we are
given an initial velocity vy which is not too large. Since sinz ~ x for small |z|, we
can model this by the linear system

dt
W g (15)
a0

instead of the nonlinear system (13). The corresponding matrix is A = <_0% é)

Standard linear algebra shows that exp(tA) = ( coswt) w™ Sin(m)) withw = /g /¢

—wsin(wt)  cos(wt)

4Beware that no such formula exists for non-autonomous linear systems, which can be much
harder to study than the autonomous ones.
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(the eigenvalues of A are iw and —iw, those of exp(tA) are e“t and e7'“*), and
that the solutions travel along ellipses. All the solutions are periodic with the same
period T' = 27”, the projection onto the z-axis oscillating periodically between the
two positions corresponding to the vanishing of v.

The passage from system (13) to (15) is called linearisation, because it consists
in replacing the components of the right-hand side by a linear approximation.
However, we cannot expect that this approximation make sense in the whole phase
space. For instance, the origin of R? is the only equilibrium point of the linear
system, whereas the nonlinear system has another one, namely the point (7, 0)
which corresponds to the upper equilibrium position of the pendulum.

Before proceeding with a more complete description of the solutions of the
pendulum (13), let us end this paragraph with a simple example showing how
“non-homogeneous” linear equations may appear in the context of autonomous

vector fields. If we consider the system in R3

o,

dt

dy 2

- _ 16
G- Yt (16)
%—z—kxz

dt

and try to compute the solution v (t) = (z(t), y(t), z(t)) with a given initial condi-
tion (zo, Yo, 20) at time 0, the first equation immediately yields z(t) = zqe™*. We
are thus left with two independent problems

dy 2 2t

o = vrwe w0 =y
and d
d—j =z +ase 2(0) = 2o

One can then easily check that y(t) = yoe ™ + z2(e™ — e ) and 2(t) = 29’ +
"EQ — . o1 . —
H(e" —e™) (use for instance the auxiliary unknown function u(t) = z(t)e™" to
compute z(t)), this is one of the rare cases of an explicit nonlinear time-t map:

2
' (z,y,2) = (xe_t> ye '+ at(et —e M), zel + %(et — e‘2t)) :

3.5 Let us return to the pendulum described by system (13) and try to understand

its phase portrait, i.e. the foliation of the phase space by the orbits. Similarly to

what happened in the example discussed in § 2.3, there is a first integral, the level

sets of which are the orbits, except that this time there will be a singular level set.
This first integral of the pendulum is the function

1 1 2
H: (z,v) €S'xR — H(z,v)= 51)2 + %(1 —cosz) = 51}2 + Tgsinz(x/Q).
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Figure 4: Phase portrait of the pendulum.

Indeed, you can check that v%—H(x,v) — %(sin x)%—H(x,v) = 0. This function is,
up to a multiplicative constant? the total energy? sum of a kinetic part and a
potential. The level sets of the energy function H are represented on figure 4.

The level { H = 0} consists of only one point, the equilibrium point (0,0)
which corresponds to the lower position of the pendulum with zero velocity. For
0<c< 2;, the level { H = ¢} is a closed curve surrounding the origin, which
is well approached by the ellipsis { %112 + %xQ = ¢} for small ¢: this is the linear
approximation for the small oscillations; but when the oscillations have larger
amplitude, the period of the motion gets larger (contrarily to the linearised system,
in which all the solutions had the same period). For ¢ > 29 the velocity v never
vanishes along the level curve { H = ¢ }, this corresponds to the periodic motions in
which the pendulum periodically makes a complete clockwise or anti-clockwise turn
(the angular coordinate x moves always in the same direction without stopping,
but we view this as a periodic evolution in S' = R/27Z). When c¢ increases, the
period of these revolutions gets smaller because the speed |v| is larger on average.

The value ¢y = 279 corresponds to a limit case, which separates oscillation
motions from revolution motions. Using sin?2 = 1 — cos?z, we can write the
corresponding level set as

{H=co}={(z,v) | 20> = Zcos*(x/2) =0},

which is the union of two curves { (z,v) € |—m, 7[ x R | v = 2y/Zcos(z/2) } and
{(z,v) €|-m,w[ xR |v=—2y/%cos(x/2) } called “separatrices”.

This singular level set consists of 3 orbits: the equilibrium point (7,0) (iden-
tified with (—7,0)), an orbit I'" = { (2,v) € |—m,7[ X R | v = 2,/Z cos(x/2) },
which is for instance the orbit followed when the pendulum starts at the lower
position with the precise velocity vy = 2\/% which will make it reach the upper
position in infinite time, and an orbit I'” symmetric of I'". Apart from the equi-
librium points, these are the only non-periodic solutions;'® they are positively and

15You can also consider them as periodic with period T' = 400, for the period of the solution
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negatively asymptotic to the “unstable” equilibrium (7, 0).

The three-body problem too admits as first integral the total energy H = K+V,
sum of the kinetic energy

1 1 1
K = gm0 + Sma o] 4 Sma[lo® |
2 2 2
and of the potential
V= _ Gm1m2 . Gm2m3 . Gm3m1
T @] @ 2B 2 — 0]

Other first integrals are known, but not enough to understand fully the orbits of
this system!

3.6 Not all the systems admit a first integral. For instance, one can transform
the pendulum equation into
gd% ) x
mé gy = —mgsing — p
with p > 0, in order to model friction as a damping force proportional to velocity.
We let the reader write the corresponding autonomous vector field and study its
phase portrait (see for instance [Ch], § 2, or [HW], Part 2, p. 32). Not suprisingly,
the energy function H is no longer a first integral, but it decays along the solutions
(the system “loses energy”). Apart from the two equilibrium points pjo, = (0, 0)
and pyp, = (7,0), and an exceptional solution which tends to pyp, all the solu-
tions () tend to piow. As a consequence, any first integral G must be constant,

for G(1(0)) = G((t) —— G(piow)

So far, we have seen examples of solutions which are periodic or attracted by an
equilibrium point. It may happen that a periodic solution attracts all the nearby
solution; it is then called a limit cycle. The famous Van der Pol equation

@

d
de? + p(a? — 1)_93 +2 =0,

dt

which models an electrical circuit, possesses such a limit cycle.
Here is a simpler example:

d

d—f=y+a(1—az2—y2)x

d
d—?j:—x+a(1—a:2—y2)y,

with a > 0. There is a unique equilibrium point, at the origin. For any solution
v(t) = (z(t),y(t)) with an initial condition different from the origin, setting r(t) =
z(t)? + y(t)?, we get r'(t) = 2a(1 — r(¢t))r(t). This shows that the unit circle

t — ®'(p) tends to oo as dist(p, T UT ™) — 0.
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{2? +y* = 1} is invariant, and it is obviously a periodic orbit (along which the
angular velocity is constant), but this also shows that all the solutions 7(t) are
attracted by the unit circle, since 7/(t) > 0 when r(¢) < 1 and /() < 0 when
r(t) > 1. This should be sufficient to help you to draw the phase portrait.

3.7 It is time to discuss more deeply the relation between vector fields and discrete
dynamical systems. We shall indicate three situations in which a vector field f,
autonomous or not, gives rise to a map P, in such a way that iterating the map
corresponds to flowing along the solutions of f for a certain time. This will give
tools to transfer results on maps to vector fields.

a) We have already associated with an autonomous vector field f : Q — R the
family of time-t maps (®*). This is the most obvious case: for a given 7 > 0, we
can set P = @7.

Thus, for all p € Q and n € Z, P"(p) = ®""(p). In particular, P is invertible,
with P! = ® 7. Fixed points of ®" are initial conditions of 7-periodic solutions
of f, according to footnote 13. More generally, a k-periodic orbit of P gives rise
to a k7-periodic orbit of f.

In this case, the vector field and the map are defined'® in the same set .

b) Let us now consider a non-autonomous vector field f : Q x R — RY but with
a periodic dependence on time:

fip,t+T)=f(p,t), peQ, teR,

where T" > 0 is fixed.
Beware that this does not imply that the solutions of f are T-periodic! But
there is a subtler kind of periodicity in the flow maps:

Dy 1y = Pyt 475 to,t1 € R.

This is easy to check: Let p € Q, tg € R, y(t) = Dy, +(p), I'(t) = Pryir2(p). We
want to prove that v(¢) = I'(t +T') and we already have v(ty) = p ='(ty+7). On
the other hand, according to formula (20) in the appendix, the velocity vector of
the parametrised curve t — I'(t+7) is IV(t4+T) = f(T(t+T),t+T) = f(L'(t+7T),1)
by assumption, thus this parametrised curve is the solution with initial condition p
at time t;.

As a particular case, we have

=P 1t = Pog it = PoorTitor2r = Pogroritorsr = 0

Let us define P = @ ;47 for a given ty. This is called the Poincaré map associ-
ated with the section {t = ¢y }. This map is invertible, with pPl= Do to+T =
D174 = Piyto—1 - - - For any point p and integer n, we have

Pn(p) = <I>to+(n—1)Tﬂfo+nT © (I)to—i-(”—?)T,to-i-(n—l)T 00 (I)t(),to-i-T(p) = CDto,to-i-nT(p)'

16Observe that the construction only requires that all the initial conditions in €2 give rise to a
forward solution of f defined for all positive times: this is sufficient to have P™(p) = ®""(p) for
all n > 0, even if the vector field is not complete.
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Figure 5: The Poincaré map P for a periodic vector field (left) and for a transversal
section of an autonomous vector field (right).

Hence, iterating P makes sense and corresponds to looking at the solution (t) =
®,, +(p) at times t = t, + nT', as with a stroboscope.

If po is a k-periodic point of P, the solution of f with initial condition p, at
time tq is kT-periodic.

Here, the extended phase space {2 xR of the vector field (in which the solutions
are pairwise disjoint curves) has one more dimension than the phase space € of
the Poincaré map.

Note: If moreover f(p,t) is linear in p = (z1,...,2x5) € RY (¢f. (10) in § 2.5),
each map P, ,, is linear, in particular the Poincaré map is a linear map and can
be analysed in the spirit of §§ 1.5-1.7 (first look at the eigenvalues and try to
diagonalise. . . ), leading to the so-called Floquet theory.

c) We finally consider an autonomous vector field f : @ — RY and a transver-
sal section . This means that ¥ is a (N — 1)-dimensional surface in the N-
dimensional set (2, with the property that at each point p of ¥ the vector field f(p)
is not tangent to X.

It is sometimes possible to define the Poincaré return map associated with
the section X: the idea is that when an initial condition py is chosen on 32, the corre-
sponding solution curve y(t) = ®*(py) will necessarily leave 3 (by the transversality
assumption), but it may return to X after an excursion in € \ 3; the correspon-
dence between py and the first return point p; = v(7) € ¥ (for a certain 7 > 0
which depends on pg) then defines a map from ¥ to X.

More formally, for a point pg € X, we define (whenever possible) P(pg) =
®7(0)(pg) where the return time 7(po) > 0 is characterised by ®™#0)(p,) € ¥ and
O7(py) ¢ X for 0 <7 < 7(py).

Iterating the map P still corresponds to flowing along a solution of f, extract-
ing from the solution a discrete sequence of points, but the peculiarity of this
construction is that the times at which the solution passes through these points
are not necessarily equally spaced. A fixed point (or a periodic point) p, of P
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corresponds to a solution v, which is periodic, but the period is not determined a
priori, it is imposed by the geometry itself.

One can prove that conversely, if ¢ — ~,(¢) is a periodic solution of f, the above
construction is possible in any small enough section Y which is transversal to .
at a point of ,.

The interest of the return map is that its phase space has one less dimension
than the phase space of the autonomous vector field f.

The above case b), involving a non-autonomous vector field f depending peri-
odically on time, was a particular case of this construction: if we take Q2 x (R/T'Z)
as extended phase, i.e. we consider the last variable zy1 as defined modulo T', we
get an autonomous vector field f for which {zy,1 = o} is a transversal section

TN+1 __

with a well-defined return map (because —*"' = 1).

4 The stable manifold theorem

4.1 A standard approach to many systems which look difficult to analyse is to view
them as perturbations of simpler systems: sometimes, by neglecting a few terms
in the law of evolution, we get a system for which the phase portrait is known,
or at least some solutions are well understood, and one tries then to justify the
approximation, i.e. to prove the existence of features in the original complicated
system which are similar, maybe with a slight deformation, to the known features
of the simpler system.

The first instance of this approach is linearisation: when you have an equilib-
rium point for a non-linear system, you can try to approach the nearby solutions
by the solutions of a linear system, as we already did in § 3.4 for the differential
equation of the pendulum.

4.2 In the case of a discrete dynamical system F' with a fixed point p, (we assume
that F is a differentiable map from Q to Q, where Q is an open subset of RY), the
linearised system is defined as the differential DF(p,), viewed as a linear map
from R? to R? to be iterated. In view of formula (18) of the appendix, this indeed
corresponds to a linear approximation when performing the change of coordinates
T =p,+ X:

F(p* + Xn) R pst+ Xn—i—la Xn+l = DF(p*) ’ Xﬂ

(remember that F'(p.) = p.).

Note: Observe that D(F")(p.) = (DF(p.))", i.e. the linearisation of the n'"
iterate is the n'® iterate of the linearisation. This is a consequence of the chain rule
(§ 5.6 in the appendix); more generally, if {p, = F"(po)} is any orbit, D(F")(py) =
DF(pn_1) o DF(pp_2) o0 DF(pg).

We say that A = DF(p,) is a hyperbolic matrix, or that p, is a hyperbolic
fixed point of F', when all the (possibly complex) eigenvalues of this matrix have
modulus # 1.
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A standard result of linear algebra then states that each vector X of R can
be written, in a unique fashion, as the sum of two vectors X ) and X® such that

IA-XO < sIXY, AT X@) < sl X,

where k is a fixed constant which satisfies 0 < k < 1 and which depends only on
the matrix DF'(p,) (possibly with a modification of the definition of the norm || . ||,
but this is innocuous).

We have already seen such a situation in § 1.6, where the matrix A for that
example was proved to have eigenvalues 4 and % with the help of a linear change
of coordinates. Indeed, in the diagonalising coordinates, the decomposition of an
arbitrary vector X was simply

()= (o) (0) () =ale) 2 (0) =2 (5)

In the original coordinates (we were then using the letter x), this corresponded to
the decomposition of R? into the direct sum E®) @& E®™ of two invariant lines, the
maps = — ) and z — 2 being the associated projectors.

For a general hyperbolic matrix too, we have a decomposition R¢ = E®) g B
into two invariant vector subspaces, called the “stable” and “unstable” subspaces
(maybe of higher dimensions than a line; for instance, in the case of the matrix A
of § 1.7, one finds that £ is the 2-dimensional vector subspace spanned by the
first two vectors of the standard basis of R*, and that E®™ is the 2-dimensional
vector subspace spanned by the last two vectors).

The stable subspace consists of the vectors X such that X = X®). For such
vectors, we have by induction

|47 X < WX —— 0.

Similarly, for vectors in the unstable subspace, X = X® and

AT X = A" XY O

4.3 Among the orbits of a hyperbolic matrix A, we thus have two remarkable
families:
— If the initial condition X, belongs to E®), all past and future iterates stay in E(*)
(because this subspace is invariant), and the future iterates X,, converge to 0.
— If the initial condition X, belongs to £, all past and future iterates stay in E(),
and the past iterates X_,, converge to 0.

It turns out that a nonlinear version of this phenomenon takes place for any
discrete dynamical system with a hyperbolic fixed point—this is the content of the
stable manifold theorem:

If F: QO — Q has a hyperbolic fized point p,, the formulas

WO ={peQ|F"(p) ——p.}, W={peQ|F"(p) —p.}

n—-4oo
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define two invariant subsets, which are submanifolds of ) containing p,, respec-
tively tangent to E® and E™ at p,.

The fact that W) is a submanifold tangent to E®) at p, simply means the fol-
lowing:

We can use (X®), X®) ¢ E®) x E® as “coordinates” representing the point
p=p.+X® + X® where X® is a vector which requires d® real numbers to
be determined if d® is the dimension of E®), and X® is a vector of dimension
d™ = dim E™. In these coordinates, the fixed point p, corresponds to (0,0), the
linear approximation of F reads (X, X®) - (A-X®) A.X®)) with A = DF(p,),
and E® corresponds to { X =0}.

Well, locally, in these coordinates, W) corresponds to { X® = p(X®)},
where ¢ is a differentiable map E®) — E® with Dp(0) = 0. Therefore, we can
think of this set as of a d®)-dimensional surface, the linear approximation of which
is {X®W=0}=E®.

Similarly, W® locally corresponds to { X*) = ¢(X®)}, where ¢ is a differ-
entiable map E™ — E®) with D¢)(0) = 0, therefore the linear approximation of
this d®-dimensional surface is { X®) =0} = E®

The sets W) and W® are called the stable and unstable manifolds of D
for F; they are sometimes denoted W (p,, F) and W® (p,, F). The reader is
referred to any dynamical system textbook for the proof of the aforementioned
theorem.

4.4 Here is an example in R3: the map
F:(z,y,2) = (29, 2) = (32, 3y + 12%, 22 + {527

clearly has a hyperbolic fixed point at the origin, with DF'(0)-X = (%Xl, %Xg, 2X3),
with eigenvalues 1 and 2, and with a 2-dimensional subspace E®) = {2z =0} and
a 1-dimensional subspace EW ={r=y=0}

One can see that E® is invariant not only by DF(0), but also by F itself,
therefore W™ = E®): on this set, the dynamics of F~! is simply (0,0,z2) ~
(0,0, %z), which yields convergence of the backward orbits to the origin, as should
be.

For this particular map, the stable manifold can be computed exactly:

2

WE = {(z,9,2) ER® |2+ 2 =0},

3
i.e. (X1, X;) = —3 X7 in the above notations. Indeed, z = —2?/3 implies that
7 =—2z+ 12 = —55a?, thus 2/ = —2"?/3 (since ' = x/2): this establishes the
invarlance of the set { 2 = —x?/3 }. The forward orbits can be computed:

(o, —5) = (3o, 3oy + (3 = ) 2~ (3:0)°)

and they converge to the origin, as should be.
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However, this example is quite exceptional. Even in dimension d = 2, the
situation can be much more intricate. For instance the standard map F', which was
defined by (1) at the beginning, has a hyperbolic fixed point at (0,0) € S* xR. The
reader may wonder where the stable and unstable manifolds are on figure 1. .. Well,
they are on the picture, but these curves are so complicated that they seem to
create a chaotic region which contains the fixed point. This is related to the fact
that we have not been very precise when using the word “locally” to explain the
stable manifold theorem: in fact, it was only a piece of W), called the local
stable manifold Wl((fc) which could be repesented as a nice d®)-dimensional surface

{X®™ = o(X®))}, and this piece is forward-invariant: p € W) implies F (p) €

loc

W from this, the whole stable manifold can be recovered by adding the points

loc)

of F _1(Wl(jc)), i.e. the points of which the first iterate is in Wl(jg, and also the
points of F _Q(W(S)), etc. Proceeding this way, at each step the set of points we

loc
add is a nice d®-dimensional manifold (because F'~! is a differentiable invertible
map), but globally, the set is not so regular: in the case of the standard map, it
turns out that after a few steps of this process the curve you must add is a very
long and sinuous one.
We shall not discuss further this situation, which is sometimes called homo-

clinic tangle and which conceals fascinating features—see e.g. § 4 of [Ch].

4.5 Perhaps the reader wonders how the orbits were computed in the first example
of the previous paragraph. In fact, this is a particular case of a formula that we
have already obtained at the end of § 3.4! The map F' of the example was nothing
but the time-7 map of the autonomous vector field (16) with 7 = log 2, so we know
how to iterate, even for a non-integer number of times.

There is a version of the stable manifold theorem for autonomous vector fields
which can be applied directly to (16).

x
Consider the system i f(x), with an autonomous vector field f : Q — RY,

and assume that p, € Q is an equilibrium point. As usual, we denote by ®! the
time-t map. We define the linearised vector field as the autonomous linear

dX
vector field s A-X in RY, with A = Df(p.). The reader can check that this

definition is consistent with what we did in § 3.4, when linearising the pendulum
(passage from system (13) to (15)).

One can prove that D®'(p,) is the time-t map of the vector field A, i.e. the
linearisation of the flow map is the flow map of the linearised system.!” Thus

D@7 (p.) = exp(TA).

171t is easy to check that the family of linear maps (D®*(p.)) satisfies the one-parameter group
property by applying the chain rule to differentiate the relation ®* o ®* = ®***, One may then
resort to formula (12) to compute the infinitesimal generator, which is easily seen to be a linear
vector field. The key is that the components of the differentials D®*(p,) and D f(p.) correspond
to the action of the operators T and these operators commute with the operator o used for
Ly
the time-derivative (cf. the end of § 5.3 and footnote 20 in the appendix).
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We say that p, is a hyperbolic equilibrium point for f if the matrix A has
no eigenvalues on the imaginary axis. This is equivalent to the hyberbolicity of
any of the matrices exp(7A), 7 # 0, i.e. a hyperbolic equilibrium point of a vector
field is a hyperbolic fixed point of any of its time-7 maps (except ®° which is the
identity map). Moreover, the stable subspace E(*) is the same for all the linear
maps exp(7A), 7 > 0, and similarly the unstable subspace E® is the same for all
of them (both spaces are exchanged for 7 < 0).

The stable manifold theorem for such a vector field f asserts the existence of
submanifolds W®) and W® containing p,, tangent to E®) and E™ at p,, which
are the common stable and unstable manifolds of all the maps ®7, 7 > 0. These
sets are invariant by the flow of f, and

WO ={peQ|®@p) ——p.}, W={peQ|d(p) —n}.

t——+o0 t——o00

In the example (16), we had obtained the general solution
V(t) = @' (z,y,2) = (x e yet+atet —e ), —Te M+ (2 + %Q)Gt> :

with arbitrary initial condition (x,y, z), which shows that imposing z + I—; =0is
the only way of preventing the solution from escaping to infinity.

Another easy example is the equilibrium point p, = (7, 0) of the pendulum (13):
the curve called I'" in § 3.5 is a piece of the stable manifold, whereas I'™ is a piece
of its unstable manifold. Figure 4 should make it clear what the complete stable
and unstable manifolds are: if we consider this system as a vector field in R?, the
stable manifold of p, is { (x,v) € |-m, 37 x R | v = 2,/ cos(x/2) } for instance;
observe that we must then consider p!, = (—m,0) as another hyperbolic fixed point,
the unstable manifold of which is { (z,v) € |=3m, 7| x R | v = 2,/Zcos(z/2) }.
In other words, I't is both a piece of W®)(p,) and of W™ (p.), this is called a
heteroclinic connection.

When the same picture is viewed in S! x R, the fixed points p, and p. are
identified, and the manifolds W) (p,) and W™ (p,) both coincide with TTU{p,}U
I'". We then say that I'" and I'” are homoclinic connections.

The coincidence of both manifolds must be regarded as a consequence of the
low dimension. In dimension N > 3, even when there exists a first integral, one
can have a hyperbolic equilibrium point of a vector field for which the stable and
unstable manifolds do not coincide but there exists a homoclinic connection, i.e.
an orbit contained in the intersection of these manifolds. The situation can then
be much more complicated than in the case of the pendulum (in fact, for a vector
field with N = 3 without non-trivial first integrals, it can be as complicated as in
the case of a discrete system with d = 2 like the standard map).

4.6 Let us end by another interesting application of the stable manifold theorem to
autonomous vector fields: we now suppose that the vector field f : O — RY admits
a periodic orbit v,. Consider a point p, on the periodic orbit and a hypersurface ¥
transversal to v, at p,, and let Ps be the corresponding Poincaré return map.
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For this map, p, is a fixed point, which may be hyperbolic. It turns out that the
hyperbolicity of the fixed point does not depend on the choice of p, and ¥ (because,
if we have two choices (ps, ) and (p,,Y’), the maps Ps, and Ps are related—the
proper word is “conjugate”—by the flow map between 3 and >'). We can thus
declare that v, is hyperbolic periodic orbit of f if p, is a hyperbolic fixed point
of P for a choice of (p., ).

In this situation, we can apply the stable manifold theorem to Py and we get
submanifolds W) (p,, Pg) and W™ (p,, Pg) of 3, of dimensions d® and d™, with
d® +d® = dim ¥ = N — 1. From this, one can deduce that

W (4,) = {p € Q| dist(®(p),7.) — 0},

t——4o0

W () = {p € Q| dist('(p),7.) —— 0}

——00

are submanifolds of dimensions d®) + 1 and d™ + 1 containing ~,.
Again, even with relatively small dimension, things can be complicated. Con-
sider for instance a periodically forced pendulum

dz
dt
dv
dt

=v
__ 9
=— Zsmx—i—aa(t,m),

where € > 0 is a small parameter, the function a is 27-periodic in both its argu-
ments and we suppose a(t,7) = 0 for all . We can view this as an autonomous
vector field in S x R x S (see the very end of § 3.7), which possesses a hy-
perbolic 27m-periodic solution 7, : t +— (m,0,t). We can then play the previous
game with X = {t = 0} (for instance). The upshot is that the periodic orbit
has 2-dimensional stable and unstable manifolds in the 3-dimensional phase space,
which intersect ¥ along the 1-dimensional stable and unstable manifolds of (r, 0, 0)
for Ps; the possible homoclinic connections are illustrated in figure 43 of [Ch], § 4.
The 2-dimensional phase portrait of Ps may very well look as chaotic as the one
of the standard map (figure 1).
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5 Appendix: a brief reminder on calculus

The basic object here is a real-valued function defined on an open subset of RY
and its regularity properties.

5.1 Let © be a subset of R, where N > 1 is an integer. The norm of a vector
U= (Uy,...,Uy) of RV is defined to be the non-negative real number

U = /U2 +- + U3

For any two points p = (z1,...,2y) and p/ = (2],...,2y) in Q, we denote by ]ﬁ
the vector (2} —z1,..., 2y —zx) € RY and we set dist(p,p’) = ||]$H Conversely,
if p€ Q and U € RY, we define the point p+ U € RY as the point of coordinates
(x1 + Uq,...,xy + Uy), i.e. the unique point p’ such that 1? = U, but this
point p + U does not necessarily belong to 2.

We say that a point p is interior to () if all the points of the form p + U with
|U|| small enough belong to €2, i.e. if there exists p > 0 (a number which depends
on p and which may be very small) such that p+ U € Q as soon as ||U|| < p.

Consider for instance

B={pecRY|dist(0,p) <1}

(the closed unit ball centred at the origin). The point py = (5,0, ...,0) belongs
to B and is interior to B, since any point of the form py+ U with ||U]| < 1—10 belongs
to B. But a point like p; = (1,0,...,0), which is also in B, is not interior to B,
since for any p > 0 (even very small) there is at least a vector U with |U|| < p and
p1 + U ¢ B (consider for instance U = (p/2,0,...,0)). It is easy to see that the
points of B which are not interior to B are precisely those p such that dist(0,p) =1
(they are called the boundary points).

The set € is said to be an open subset of R if all the points of ) are interior
to Q. Thus the closed ball B is not open'®, whereas the set {p = (z1,...,zy) |
dist(0,p) < 1} is open.

5.2 The hypothesis that €2 is open is useful because it means that, for any point
p € €1, small enough variations p + U of the point also belong to 2. Thus, if a
function f : 2 — R is given, we can evaluate the functions f at these points too
and study the differences f(p + U) — f(p) for small enough ||U]|.

A function f : © — R is said to be continuous at a point p € Q if f(p +
U) — f(p) tends to 0 as ||U]| — 0. This means that for any € > 0, small though it
may be, one can guarantee |f(p+U) — f(p)| < € simply by taking |U|| sufficiently
small.

The function is said to be differentiable at p if there exists a linear map
A, : RY — R such that f(p +U) — f(p) = A, - U + b,(U), where the “error

18But if you define a closed subset of RY as the complement of an open subset, you will find
that the closed ball B is... closed!

30



term” b,(U) can be neglected in front of U, i.e. b,(U) = ||U||e,(U) where ¢,(U)

tends to 0 as ||U|| — 0 (typically, the error term can be of the order of ||U|?).
The general form of a linear map A : RY - Ris A-U = a;U; + --- + ayUx

with real coefficients aq, ..., ay; in the case of a differentiable function at p, these

0
coefficients are called the partial derivatives of f at p and are denoted a—f(p)
x .

j
The linear map A, itself is called the differential of f at p and is denoted df(p).
To summarize,

Fo+U) = 1) +df(p) - U + U]l (),
afp)-v="21

~ on

of
(p) Uy +---+ %(p)UN, ep(U) T 0. (17)

One should remember that this formula corresponds to a linear approximation of
the variations of f around p.

Clearly, formula (17) implies that f(p + U) — f(p) tends to 0 as ||U|| — 0.
Hence, a function which is differentiable at a point is necessarily continuous at
this point. Here are examples with N =1 and 2 = R.

— The function f : z — 2% is differentiable at each point of R, with df(z)-U = 2zU.
(Indeed: the variation around z is (z + U)? — 2? = 22U + U?, thus the linear
approximation is 22U, while the error term is quadratic in this example.)

— The function g : x — |z| (absolute value) is continuous at each point of R,
differentiable at each > 0 with dg(z) - U = U, differentiable at each x < 0 with
dg(z) - U = —U, but not differentiable at 0.

— The function h : x +— ﬁ, whatever its definition at 0, is not continuous at 0 (it

is the “sign function”: h(z) = +1if x >0, h(z) = -1 if z <0).
In RY| the function fi : p = (z1,...,2x5) — dist(0,p) = /22 + -+ + 2% is

continuous at every point, and differentiable at each point of RY \ {0}, but it is
not differentiable at the origin itself. The function f; : (21, ..., 2x5) — T3+ -+2%
is differentiable at every point of RY. Their differentials at a point p = (z1,...,zy)
are related with the scalar product:

U, & ... U
df1(p)'U=xl 1;F +rznUn

=, dfa(p)-U=2(xU++zyUy), UeR".
5171+---+:13N

The differentials in these examples can be computed quite simply by using the
tools indicated in the following (beginning with f, and then writing (f1)% = f2).

5.3 We say that a function f is continuous on an open subset Q of RV if it
is continuous at each point of 2. We say that it is differentiable on 2 if it is
differentiable at each point of €.

af of

In the last case, at each p € Q we get N real numbers ——(p),. .., P
TN

P (p), so
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we can define N functions!'?

of of
253;;,. <y EZE;; . &2 — ER

called the partial derivatives of f. If these functions are continuous on €2, f is said
to be continuously differentiable on © (or of C* class).?

For functions of a single variable z, i.e. when N = 1 and €2 is an open subset
of R, for instance an open interval |a, b], there is only one possible partial derivative,

d
which is denoted —f instead of == and is called simply “the derivative”. The
X x

derivative of f :]a,b[ — R is also denoted f’.

For example, if k& € N, the function f : x — z¥ is differentiable?’ on R, with

d
derivative =~ : & — ka*~1. The derivative f' = d—f is itself differentiable, with
x x

derivative f”: x> k(k —1)2%72 and in fact f is of C* class.

The exponential function exp : =z +— €% is differentiable on R and has the
remarkable property of coinciding with its derivative: (exp)’ = exp (it is thus of C'*°
class). This function exp : R — ]0, +o00[ can be defined? as the reciprocal of the

logarithm function log : |0, +00[ — R, which is the unique differentiable function
on |0, 400 which vanishes at the point 1 and which has derivative (log)" : z — 1/x.

For functions of N variables, the name “partial derivatives” comes from the
0 .. . .
fact that (9—f can be computed as the derivative of the “partial” function z; —
€
f(z1,...,2j,...,xn), where xq,...,2,1,%41,..., TN are considered to be fixed,
while z; is the only variable,.

5.4 Linear combinations (with constant coefficients) of differentiable functions are
differentiable, with
0 of Jg
— () — L 42T
o, (Af + ng) o0, T,

for instance.

90bserve that we can also define a map df : p — df(p), but it is not a real-valued function,
it rather takes its values in the space of all linear maps from R¥ to R.
20 Tt often happens that the partial derivatives ng,- are themselves continuously differentiable; if

so, we say that f is of C? class, and we can associate with it N? second-order partial derivatives

Oz, \ Oz
9% f
Oz ;0xy,
at second order. Functions of C3,C%,... class are defined similarly: the functions which are

indefinitely differentiable are said to be of C'*° class.

21f k is a negative integer, say k = —f, £ > 1, by definition =% = 1/2* and we get a
differentiable function on R\ {0}, with derivative —¢2~*~1. If k is a real number, not necessarily
integer, z* is still defined for = > 0 (as e*!°2%) and we get a differentiable function on ]0, +ocl,
with derivative kz¥~1.

9 (Qﬁ), which are simply denoted a%;;—j. Classical theorems then tell us that azi:a%j =

(Schwarz formula), and that formula (17) can be refined, giving rise to the Taylor formula

22The exponential function can also be defined as the sum of a series: e* = 14+z+ 2—? + ”g—? 4
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As a consequence, the derivative of a polynomial is easily computed. For
example P(x1,%9) = app + Q10T1 + Qp1Te + Q20T + a1121%2 + qors implies

—(21,22) = 10 + 200021 + 1 1%2.

8x1

The product of two differentiable functions is a differentiable function, the
partial derivatives of which are computed according to Leibniz rule:

0 O L 0

5.5 We can also deal with vector-valued functions. Let M > 1 be integer. Consid-
ering a function F : Q — RM amounts to considering simultaneously M functions
i, ..., Fy : © — R, which are the components of F', i.e.

F(p) = (Fi(p), ..., Fu(p)) € RM, peQcCRY.

All the previous definitions can be extended to this case. For instance F' is said
to be differentiable if each component F; is differentiable; we then group together
the partial derivatives of the components to obtain vector-valued functions

ap_(aFl 0FM):Q_>RM’ j=1,...,N.

o \aw, " on,
Thus, for fixed 7, the operator —— sends a vector-valued function F : Q — RM to
T
a vector-valued function — : Q — RM,
Lj

In this situation, it is worth grouping together the differentials of the compo-
nents at a given point p: formula (17) indeed yields M equations

Ei(p+U) = Fi(p) + dFi(p) - U + |Ul|e,,:(U)
which can be compactly written as
F(p+U) =F(p)+DF(p)- U+ |Ule,(U), (18)

where ¢,(U) is now a vector-valued function of U which tends to 0 as ||U|| — 0,
and
DF(p)-U = (dFi(p) - U,...,dFy(p) - U) € RY, UecRY.

We thus define a linear map DF(p) : RY — R which is called the tangent
map to F at p (some authors call it the derivative of F' at p). Asin § 1.5 we can

associate with it a matrix*, the elements of which are the coefficients 9% (p).
J

Z3Be careful that the variable is now U = (Uy,...,Uy) (rather than p which is considered to
be fixed in the previous formulas). Moreover, contrarily to what happened in § 1.5, the matrix
of DF(p) is not necessarily square since we did not assume M = N.
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We emphasize that at each point p we have a linear map DF(p) from RY to R,
thus the function DF is a rather sophisticated object; this mixture of analysis and
linear algebra sometimes causes troubles to students.

5.6 In practice, an important formula is the so-called chain rule, which tells
us how to deal with the composition of two differentiable functions. Suppose
for instance that 2 is an open subset of RY, (' is an open subset of RM, [ =
(F1,..., Fy) is adifferentiable vector-valued function on €2, and ¢ is a differentiable
real-valued function on €. Suppose furthermore that F' takes its values in €', so
that we can consider the composed function ¢ o F':

QR o . AN

p — F(p) — o F(p)
Then the function ¢ o F' is differentiable on 2 and

d(p o F)(p) = dp(F(p)) o DF(p),

which means that
d(po F)(p)-U =dp(F(p)) - [DF(p)-U],  UecR"Y,

or, equivalently,

d(poF) 0p oF, 0p OF
T\ T ) = 2 (F(p)) L e (R
oz, (p o FeD 5 (p)+-+ ayM( () oz, (p)
if we call (yi, ...,y ) the coordinates in €'

At this point, we refer to textbooks for the fundamental theorem of analysis,
which is the Implicit Function Theorem.

5.7 Of particular interest for differential equations is the case when N = 1 and
M > 1: a vector-valued function of a single real variable can be interpreted as a
parametrised curve in RY.

As an open subset of R on which the function is defined, we choose an open
interval I = ]a, b[, and we consider a differentiable function

7:(’}/17--'77M): [HRM

Instead of z; or x, the variable in [ will be denoted ¢. The only possible partial

d
derivative (since there is only one variable) is denoted d—z (instead of a—:) and is

called “the derivative” (as in the case of real-valued functions of a single variable—
cf. §4.3); it is a vector-valued function

dw_ dvy dyar\ M
dt_<dt7”" dt).]—>R.
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One also uses the notation ' = (71, ...,7),) to denote the same function (or the
notation ). Sometimes, one writes %(v(t))‘t:to instead of i—Z(tO) or v (o).

If we interpret the variable t as time, we may consider v as the time-parametris-
ation of a curve, and we may speak of v(t) as of a mobile point in RM. For that
reason 7'(t) is called the velocity vector at time ¢. The time-derivative of the

d /d
velocity is nothing but the acceleration ~" = T <d_Z) (when it exists, e.g. when
7 is of C? class). Observe that with these notations, formula (17) reads

it +u) = 3(t) + v ()u + uegi(u), i=1,...,M,

B d_v(t) _ oy Y Hw) =)

ith &, 0 ivalently 7/(t) =
with e;;(u) — 0, or equivalently (1) i pehm "

An example with M = 2 is the parametrisation of a circle of radius R with
constant angular velocity w: y(t) = (R cos(wt), Rsin(wt)), for which the velocity

vector 7' (t) = (—wRsin(wt), wR cos(wt)) has constant norm |w|R.

5.8 Let us end with two useful consequences of the chain rule for a parametrised
curve v : [ — RM,

a) A differentiable function 6 : J — I (where J is an open interval in R) can

be used as a change of parametrisation, i.e. we may consider the differentiable

function s — T'(s) = 7(6(s)). Then E[%(é’(s))hszso = I (6(s0)) E(so) for
each ¢, which yields

(s0) = % [7(9(3))L8:SO = 0'(s0) 7' (0(s0))- (19)

A common abuse of notation in this situation consists in using the same letter v to
denote I'(s) and (), and the same letter ¢ for the old variable and for the change
of variable #, which yields the formula

dy _dtdy
ds ds dt

(which may be easier to remember). Here, 1 must be understood as the function
5
do

As an example of application of formula (19), we have

9/

% [Y(As)] = A9/ (Xs), % [v(a+s)] =+(a+s). (20)

for arbitrary constants A and a.

b) If a differentiable function g is given in R™ (with values in R)—in physics,
this is sometimes called an “observable”—, by composition we get a real-valued
function t — g¢(7(¢)) (which may be interpreted as the result of a measurement
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which varies with time, because the point at which g is measured is a mobile point).

Then
d

dt [g (’Y(t))} lt=to dg (7(%)) . ’Y/(to). (21)

In the right-hand side, the linear map dg(v(fo)) is evaluated on the vector +'(to) €
RM j.e.

d dg dg

1 lg(v(1)] ety — a—xl(V(to))%(%) +ot %(V(to))%\/[(%)-
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