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A Bavesian brain ?

 Is Bayesian inference and learning a relevant

model of cognition ?

* Is the brain performing probabilistic computation ?
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Beam-in-the-Bin experiment (Set-up)
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Logical Paradigm
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Bayesian Paradigm
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Principle

Incompletness

Preliminary Knowledge Maximum Entropy

+ Principle
Experimental Data

- - Blog(R)

Probabilistic Representation

Uncertainty

P(ABIC)=P(AIC)P(BIAC)=P(BIC)P(AIBC)
Bayesian Inference
P(AIC)+P(—AIC) =1

Decision
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Thesis

Probabilistic inference and learning theory, considered as a model of
reasonning, is a new paradigm (an alternative to logic) to explain and

understand perception, inference, decision, learning and action.

La théorie des probabilités n'est rien d'autre que le sens commun fait calcul.
Marquis Pierre-Simon de Laplace

The actual science of logic is conversant at present only with things either certain, impossible, or entirely
doubtful, none of which (fortunately) we have to reason on. Therefore the true logic for this world is the
calculus of Probabilities, which takes account of the magnitude of the probability which is, or ought to be,
in a reasonable man's mind .

James Clerk Maxwell

By inference we mean simply: deductive reasoning whenever enough information is at hand to permit it;
inductive or probabilistic reasoning when - as is almost invariably the case in real problems - all the
necessary information is not available. Thus the topic of « Probability as Logic » is the optimal processing
of uncertain and incomplete knowledge .

E.T. Jaynes
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Theoretical Basis

Content:

¢ Definitions and notations
e Inference rules

* Bayesian program

* Model specification

¢ Model identification

¢ Model utilization
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Logical Proposition

Logical Proposition are denoted by lowercase name: a

Usual logical operators:

anb
avb

-da
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Probability of Logical Proposition

We assume that to assign a probability to a given proposition a,
it is necessary to have at least some preliminary knowledge,
summed up by a proposition .

P(alm)€]0,1]

Of course, we will be interested in reasoning on the probabilities
of the conjunctions, disjunctions and negations of propositions,
denoted, respectively, by:

P(anblm) P(av blm) P(-alm)

We will also be interested in the probability of proposition a
conditioned by both the preliminary knowledge 7 and some

other proposition b:
P(alb A )

Bessiére©2005




Normalization and Conjunction Postulates

Plalm)+P(-alm)=1

Planblm)=Plala)xP(blan m)
=P(blx)xP(albam)

Plavbla)=Plalx)+P(blx)-Planblr)

Bessiére©2005

Syllogisms

a =" x divisible by 9"

. . b ="x divisible by 3"
* Logical Syllogisms:

« Modus Ponens: aAla=b]—b

* Modus Tollens: =b Ala=b]+> -a
* Probabilistic Syllogisms:

¢ Modus Ponens: P(blaam)=1

* Modus Tollens: P(blaam)=1< P(-al=-bamx)=1
« Pblanm)=1=P(albar)=P(aln)

« P(blanm)=1=P(bl-anm)<P(blx)
« P(flgam)=P(flx)=P(gl frm)=P(glm)

Bessiére©2005




Discrete Variable

* Variable are denoted by name starting with one
uppercase letter: X
* By definition a discrete variable X is a set of
propositions *i
 Mutually exclusive: @#j= [xi A xj] = false

e Exhaustive: at least one is true

The cardinal of X is denoted: | X |

Bessiére©2005

Variable Conjunction

XaY={xny}

\0\0

{%Wy: {xi Vyl}
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Conjunction rule

V.Xl' EX,VyJ ey
P(xi AY; |J'l,') = P(x; In)xP(yj | x; AJ‘[)

=P(yj Iﬂ)xP(inyj /\n)

P(X AY l)=P(X |7)xP(Y | X A7)
=P(Y Im)xP(X 1Y Ax)

Bessiére©2005

Normalization rule

EP(XIJI)=1
X
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Marginalization rule

Bessiére©2005

SP(XAYlx)=P(Y |7)

X

Contraction/Expansion rule

Bessiére©2005

XAY =A=P(XAY|n)=P(Alx)

20

10



21

Rules

P(X AY lm)=P(X |2)xP(Y | X A7)
=P(Y Im)xP(X 1Y A7)

SP(XIx)=1

X

SP(XAY |mw)=P(Y | x)

X

XAY =A=P(XAY|n)=P(Alx)
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Bayesian Program

Specification

» Variables

*  Decomposition

* Parametrical Forms or Recursive Question

Description\\
AN

Preliminary Knowledge

\Identlflcatlon

Program
AN

Experimental Data

Utilization

/Question
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Learning Reactive Behaviors

* Avoiding Obstacle
* Contour Following
¢ Piano mover

* Phototaxy

* etc.

Photo Alain Herzog
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Pushing Objects (Result)
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Contour Following (Model)

[ Specification

Variables
Dir, Prox, Vrot

Decomposition
P(Dir  Prox AVrot | )

= P(Dir | ) x P(Prox | ) x P(Vrot | Dir AProx )

Parametrical Forms
P(Dir A Prox | ) <= Uniform

A

Description\\

P(Vrot | Dir A Prox a n) < Gaussians
< => Preliminary Knowledge

Identification
Joystick Remote Control = Experimental Data 62

Program

P(Dir A Prox AVrot | 52 A )

\

Utilization

/Question

P(Vrot |[Dir = d]A[Prox=p]ad2 /\n)

Bessicre©2005
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Contour Following (Result)
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Description

The purpose of a description is to specify an effective method to
compute a joint distribution on a set of variables:

{X'.x°,...X"} {Dir,ProxVrot}

Given some preliminary knowledge s and a set of experimental
data d.
This joint distribution is denoted as:

P(X'AX*A..AX" ) P(Dir a Prox AVrot | )

CENTRE NATIONAL
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Decomposition

Partion in K subsets:
L=X AX"A.. L = Dir L’ = Prox L =Vrot

Conjunction rule:
P(Dir A Prox AVrot | )

= P(Dir | ) x P(Prox | Dir )
x P(Vrot | Dir AProx )

P(X'AX*A..AX"|7T)
=P(LIx)xP(L'|L Am)x..xP(L'|L" A..AL ATT)

Conditional independance:
P(LIL'A..AL AT)

P(Prox | Dir nsw) = P(Prox| )
=P(L'IR am)

Decomposition: ,
P(Dtr A Prox aVrot | J'L’)

=P(Dir | ) x P(Prox | )
x P(Vrot | Dir AProx )

CENTRE NATIONAL
DE LA RECHERCHE
SCIENTIFIQUE

P(X'AX*A..AX"I7)
=P(LIx)xP(L' IR Am)x...xP(L'IR" A )

Bessiére©2005

Parametrical Forms or Recursive Questions

Parametrical form:
P(Dir A Prox |8 Am) <= Uniform
P(LIR Abam)= f“lR"")(L) P(Vrot | Dir A Prox A8 A7) <= Gaussians

Recursive Question:

P(LIR'ASAT)=P(LIR AS AT

CENTRE NATIONAL
DE LA RECHERCHE
SCIENTIFIQUE
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Question

Given a description, a question is obtained by partitionning the set
of variables into 3 subsets: the searched variables, the known
variables and the unknown variables.

We define the Search, Known and Unknown as the conjunctions of
the variables belonging to these three sets.

We define the corresponding question as the distribution:

P(Search | Knownada Jr)

CENTRE NATIONAL
DE LA RECHERCHE
SCIENTIFIQUE
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Inference
P(Search| Known A3 am)= S P(Search aUnknown|Known ndAx)
> P(Search AUnknown n Known |5 A7)
- P(Known 6 A7)
> P(Search AUnknown n Known 15 A )
> P(Search nUnknown A Known | 3 A7)
= % x Y P(Search nUnknown n Known |8 A )

Bessiére©2005 ) is SCIENTIFIQUE
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2 optimization problems

Draw(P(Search | Known ada J'L’))

P(Search| Known Ao A )

= % x Y P(Search n Known AUnknown |8 A7)

Bessiére©2005
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Perception,
Sensor Fusion
and Multimodality

Daniel J. Simons
Christopher Chabris
Harvard University

Bessiére©2005
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Sensor Fusion

Source lumineuse

Objective: Find the position of a light source

* Difficulty:
The robot do not have any sensor
to find directly the position of a light source.

¢ Solution:
* Model of each sensor
¢ Fusion of the 8 models

CENTRE NATIONAL
DE LA RECHERCHE
SCIENTIFIQUE
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Model of a Light Sensor

[ Specification
* Variables
ThetalL, DistL, Lmi
[C *  Decomposition

o) P(ThetaL A DistL I

= 500

o = P(ThetaL A Distl}400

P . 00

8 < » Parametrical Forms 200

o P(ThetaL A DistL1|*° e
E (@] 0
© P(Lmi |ThetaL AL} 3°
8)< => Preliminary Knowledg| DistL 19 Tyo Iheral
—

e e =180

o Identification i

[ L e

o) K e A priori specification

17

o S

> Utilization L

\Cj P(ThetaL |\[Lmi=1i]n 6 a7,,,)

P(DistL|[Lmi =1li|n Am,,,) %

DE LA RECHERCHE
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Model of a Light Sensor (2)

Bayesian Inference: Inverse Problem

Description:
P(ThetaL a DistL ALmil8 am,,)
= P(ThetaL a DistL |z, )xP(Lmi|ThetaL A DistL AS, AT, )

Question 1:
P(ThetaL |lmind A7)

= % x > P(Imi | ThetaL A DistLAS AT, )

Question 2:

P(DistL1Imind a7,,)

= % x Y P(lmi|ThetaL A DistL NS, A7)

Thetal.

CENTRE NATIONAL
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Model of a Light Sensor (3)

P(Thetal | Lmi ) P(DistL | Lmi )

(Lmi = 389)

0.50-_PCThetal | Lmi Cp 11D 0.50_PCDistL | Lmi Cp 14D

0.37 I .37

0.25 0.25

0.12 i 0. 12 R

0.00= ..“*H*H'! llllllllllll,-Flul'n
=100-135 B0 =45 O 45 90 135 170 0 5 10 15 20 &
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Sensor Fusion (2)

Descﬁpﬁon\\

Program

\

Utili

/Eiuesﬁon

Bessiére©2005

[ Specification

* Parametrical Forms

Identification

* No free parameters

Variables
ThetalL, DistL, Lm0, .., Lm7

Decomposition (Conditional Independance Hypothesis)

P(ThetaL A DistL ALmOA...ALm7 Az, )

=P(ThetaL a DistL 7, )% ]l[P(Lmi | ThetaL A DistL a7,

i=0

P(ThetaL a DistL |, ) < Uniform
P(Lmi | ThetaL A DistLAx,,, ) <= P(Lmil|ThetaL A DistL A, A7)

zation
P(ThetaL|ImOA...AlmT AR,,,)

P(Lm31im2 Alm4 AThetaL A7, ) 01 E ]

DE LA RECHERCHE
SCIENTIFIQUE

Sensor Fusion (3)

40

P(Thet'

Ln2 = 391 _ (capteurlun -10°) L3 = (dgpteurlun  10°)
Lu IP(T];_qm@ .(urlZ-E |m7 (/p& etd | Lm3 Cp_13)
0.37 ! 0.37
ops 0.25
- Il Il 0.12
s DI el ™1 ,\t HBI 93' W@ 6 'p li
10- \:éw‘ﬂ%l‘é" o o7 1 [ "8 “Ceg-4s0 45 9 — *

D)

Lml = 480 (lc?:teDlirStsTm“)

= Lm4 = 430 (copteurlum 50°)
P(Thetal | Lm4 Cp_14)

.50 PCThetal | Lnl Cp_11) .50
0.37 0.37.]
0.25] 0.2
Tetha = 10, Dist = 20
0.12 0.12.
1.00__PC(Thetal | Lmd..Lm7 Cp_Sourcel)
0.001 . 0.001
-180  -90-45 0 45 90 170 ersl -180  -90-45 0 45 90 170
0.50
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Sensor Fusion (4)

(Theta = -10, Dist= 10)
OPéE.p = =
0.04 4
== E P(Lmi | Thetal DistL Cp_li).
0'071.)1512]_4 =2
0.01
100 150 170 200 250
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Sensor Fusion (5)

Perception: an inverse problem ([Poggio84])
v

o

N e SnL

Bayesian answer :

Inversion + conditional independance hypothesis :
P(S1S2..5nV|C)

=P(V|C)P(S1|VC)P (52| VC)..P(Sn|VC)

CENTRE NATIONAL
DE LA RECHERCHE
SCIENTIFIQUE

Bessiere©2005
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McGurk effect

Test 2

M-A. Cathiard
J-L. Schwartz
C. Abry

*Cathiard, M.-A.*, Schwartz, J.-L. & Abry, C. (2001). Asking a naive
question to the McGurk effect : why does audio [b] give more [d]
percepts with usual [g] than with visual [d] ? In Proceedings of the
/Auditory Visual Speech processing, AVSP'2001/, Aalborg, Copenhague,
138-142.

Bessiére©2005
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McGurk (model)

Specification

e V/ariahlac

o o
o N

Description\\

Bessiére©2005

<0,4
€ 0,3
©
>
3 0,2
S
o 0,1
C
.0 0
v 1 2 3 4 5 6 7 10
(0] o
> Utilization
e/ . .
k P(Phoneme | Occlusion a Llps)

Dhoneme)

Seriesl
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McGurk (result)

P(Phoneme | [OCclusion = 2] A [Lips = open])

= %x P([Occlusion = 2]| Phoneme) x P([ Lips = open]| Phoneme)

1,2

0,8

0,6

W Series1

0,4

0,2

CENTRE NATIONAL
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SCIENTIFIQUE

Bessicre©2005

46

Active perception

CENTRE NATIONAL
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« Shape from Motion » (. colas)

 Inverse problem

 Stationnarity
* Rigidity

@ * Il posed problem
v

CENTRE NATIONAL
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Shape from motion (model)

Specification
/ Variables ek
c XYSRAGTH P(.X’YHAQT&»)
ke Decomposition = PXY)PE)PQ)
°a x P@QT|L) < Stationarity
5 < x P@|TxTy)
) x P@|XYQT) o
) B2V G Rigidity
E () Parametrical Forms x P@*|XYQTA) ?
g< Physical and physiological law — distributions
o \Identiﬁcation
(a
[
i)
7 PXY |35 A |
g PAT|3)
) o x P | T Ty)
@ x PAYY L poixyar
ar P(* | XY QT
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Orientation and stationarity

pasive conditicn.

000
s

protailiy
g

IH.HHH "m-l_—” H—]l n‘,r—|| ::?’..;'
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M. -
180° 90 [ 90° 180° Y 0 0
J.J.A. van Boxtel, M. Wexler, and J. Droulez. Per-
ception of plane orientation from self-generated
and passively observed optic flow. Journal of Vi-
sion, 3(5):318-332, 2003.
% CENTRE NATIONAL
DE LA RECHERCHE
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Orientation and field of vision
o
" | - sor”® 1
Lol E o Ll ]
- El Foven g | il ]
L ]
!‘ nls' m...‘a?:t a.:.' oy I
Ds-:-ll‘r‘-ld ’-l'rlﬁu

V. Cornilleau-Pérés, M. Wexler, J. Droulez,
E. Marin, C. Miége, and B. Bourdoncle. Visual
perception of planar orientation: dominance of
static depth cues over motion cues. Vision Re-
search, 42:1403-1412, 2002.

Bessiére©2005
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Inclination and angular speed

~O—3lant = 18 0 b
e Lk

03k

Perceived Siant
Percewed Slant
g

1
fano; —a—
2ano; —a—

1.2 0a b -
T T TS ) 05 :,/-/a:.
Angular Velocity {rad/s) T a e Vebecity
F. Domini and C. Caudex. Perceiving surface slant
from deformation of optic flow. J Ezp Psychol Hum
Percept Perform., 25(2):426-44, 1999.
% CENTRE NATIONAL
DE LA RECHERCHE
Bessiére©2005 SCIENTIFIQUE
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Stationarity prevails rigdity
1.00 — .
Cond. A —+—
. B ——
- g | |
. -
g e 2
i §om} -
2o k
,"', % E‘
L b}
2 ‘ 028 ~
§os |t y;
¥ o
= I —o— Coed 4
em 4 o Coed & am N N
" PASS ACT PASS

M. Wexler, I. Lamouret, and J. Droulez. The sta-
tionarity hypothesis: an allocentric criterion in vi-
sual perception. Vision Research, 41:3023-3037,

2001.
CENTRE NATIONAL
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Pu

% Seen fla’

% Seen top-far’

rsuit

5

o0t ) 1006 000 0 6 006 o 206

Shear Amplitude (deg)

J.J. Naji and T.CA. Freeman. Perceiving depth
order during pursuit eye movement. Vision Re-
search, 44:3025-34, 2004.

Bessicre©2005
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Object recognition
and discovering of

novelty

CENTRE NATIONAL
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Object Recognition (Model)

/ Specification
Variables
Nlt, Nlr, Per, Llsl, O

[ Decpmposition (Conditional Independame Hypothesis)
c P(OANrt ANIt A Per ALISLTO A

je) =P(O16Am)xP(NrtlOAS A7) xP(NIt10ASAT)

-

g' ngPer|OA(SAJT)XP(LISI|0A6AJT)

O Pargmetrical Forms

g < 8 § Uniform
£ |0 P(NIt10 A A7) = Laplace P([Ni =0]10 A& n ) = Uniform
g< P(Nrt10 A6 A7) = Laplace P([Nrt=0]10 A8 A7) = Uniform
09_ P(PerlOndam)=Gaussian  P([Per=0]10A8A)= Uniform

([

(US[ 10 A6 A) = Gaussian P([Lisl = 0] lOAS A.TL’) = Uniform
Identification
No free parameters

Utilization

/Question

P(O | nit Anrt A per AlISIAO® )

CENTRE NATIONAL
DE LA RECHERCHE
SCIENTIFIQUE
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Object Recognition (Question)

P(O I nit Anrt A per AlIsIAO® )

P(NvdegPerLchlDC)

Per

CENTRE NATIONAL
DE LA RECHERCHE
SCIENTIFIQUE
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Obiect Recognition (Result)

Bessicre©2005
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Behaviour
Combination
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Homing Behavior (1)

Description N

A

Program
A

/Question

Bessicre©2005

/~ Specification
e Variables
Dir, Prox, Thethal,
H:{a p} [H=
*  Decomposition

P(Dir ® Prox® The
= P(Dir ® Prox® TH

view-H-evit

1.00

B S ;55
0123456 7 8 9 101112131415

=

Utilization

P(Vroz | dir, ® prox, ® lum, ®rcH0mmg)

X P(VrOt | Dir ® Proxwrmerncw e T Homing |
* Parametrical Forms and Recursive Questions
P\ Dir ® Prox® ThetaL | ﬂHoming) = Uniform
PlHI Prox®nHoml-ng) = f(Prox)
P(Vrot | Dir ® Prox® Thetal ®[H = a]® nHoming)

= P( Vrot | Dir ® Prox ® Avoidance)
P(Vrot | Dir ® Prox® ThetaL ®| H = P]®”Homing)

= P(Vrot | ThetaL ®”Phototaxy)

CENTRE NATIONAL
DE LA RECHERCHE
SCIENTIFIQUE

Homing Behavior (2)

Bessicre©2005
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Nightwatchman Task (2)

Question : P(M s ® Twarchman)

px0.px7 1m0..1m7 veille feu obj?
eng tach t-1 td t-1 tempo tour
P|Vrot Vtrans g = = P

dir prox dirG proxG vtrans c

T Watchman | *
dnv mnv mld per

Solution :

P(Vrot Vtrans | px0 px1 ... 1m7 veille feu ... per)

2

P(...)

Bessiére©2005
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Nightwatchman Task (3)

62

px0.px7 1m0..1m7 veille feu obj?
P|Vrot Vtrans

eng tach_t-1 td t-1 tempo tour
dir prox dirG proxG vtrans c Watchman

dnv mnv mld per
P( Td

Base
Answer !

P|Tach |veille feu ob3? mp,y
Tach

Tach

7 Moove
td_t -1 tempo tour

eng tach_t -1

px0...px7
J
1m0..1m7  B9%¢

> P(ThetaLDistL|in0.1n7 py)

I
N|—
N\

&
1]
[
v}
—_—

DistL

P(H | prox ”Homing)

HTd Thetal

P(Vrot Vtrans

. X T Watchman
dir prox dirG proxG vtrans_c

CENTRE NATIONAL
DE LA RECHERCHE

SCIENTIFIQUE
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Nightwatchman Task: Result

Bessiére©2005

Bessiére©2005
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Prediction
short term memory
and time

32
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Recursive Bayesian Filter (Model)

|sp

Bessicre©2005
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Bayesian Filter (Recursive Calculation)

P(S' 10"

P(S'10")= P(O'1S){P(S'10™")

Bessicre©2005
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Illustration (1 sensor - 1 object)

10 m

- /80

L
10m

2=(5,2,0,0)

Bessiére©2005

15m

4 2 0 2 4

P([E.=1] lzc)
c=|[x,y0,0]

68

Illustration (1 sensor - 1 object)

10 m

500
™\
[ ]
10m

- (5ETD

Bessiére©2005

15m

-4 -2 0 2 4

P([E.=1]lzc
c =[x, 0.8, -1.0])
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[1lustration (1 sensor - 1 object)

* espace occupé
* espace inoccupé
* espace inobservable

* espace occulté

P([E.=1]lzc)

c=|[x,y0,0]
CENTRE NATI IONAL
DE LA RECHERCHE
SCIENTIFIQUE
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[1lustration (1 sensor - 3 Objects)

O o>
15m
10 m
O

‘\S?u

[ ] !

10m ) ‘ ’ ’ ‘
z,=(8.3,-4,0,0) P(E,=1]12,2,2; )
7, = ( 7.3,1.9,0, 0.8) c =[x, Yy, 0, 0]

z.=(5,3,0000 Uy e omum oL
3 s~y Vo DE LA RECHERCHE
SCIENTIFIQUE

Bessiére©2005
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Illustration (1 sensor - 3 Objects)

© (€2
I5m
10 m
O

‘\5‘00

[ ] ' :

Tm -4 -2 0 2
Z; =(8.3,-4,0,0) P([Ec:]] /Z] 2,23 c)
= ( 73, 19, 0, 08) c= [)C, ¥, 0, 0.8
%=(5.3.0.0 O e

Bessiére©2005

Illustration (2 sensors - 3 objects)

15m

10m

2, =(55.4.0.0) z,,=(51,00  PUESI]zZ1,252,2,¢)
5, =(11,-1,0,0) z,,=(54,1.1,0,0) c=[x1y 0 0]

Bessiére©2005




Static vs Dynamic

Static Estimation Dynamic Estima%

DE LA RECHERCHE
i SCIENTIFIQUE
Bessicre©2005

Static vs Dynamic

DE LA RECHERCHE
SCIENTIFIQUE

Static Estimation Dynamic Estimat%

Bessiére©2005




Static vs Dynamic

Static Estimation Dynamic Estimat% covme amov
Bessiére©2005 SCIENTIFIQUE

Application

CENTRE NATIONAL
DE LA RECHERCHE
SCIENTIFIQUE
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Application

Bessiére©2005

Application

Trajectory Learning

Homing in a Realistic Environment

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

R INRIAED

Bessiére©2005
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Action selection and
attention focalization

CENTRE NATIONAL
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SCIENTIFIQUE

Ethologic behaviours

System Sub—System Mode Module External Releasers
Tmmobility it
Freezing Enclosed Space
T Bradycardia
Escape Route
Self-Defensel Predator Opposite

PR

Direction Displacement

Fleeing
Defense
Behavior
System

Master Oriented Displacement

Ercatic Displacement |

Homing |

Unexpected Strong
noise

Specific Predator
Features: Type, image,

Threat Display

sound and size

June/05th/2003
defenscENG fig

R— 4

System Activators

Bessiére©2005

Bite and Kill

CENTRE NATIONAL
DE LA RECHERCHE
SCIENTIFIQUE
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Decomposition

; 0+ 70- . . . : 0:t
1)(A\[“'f5}HZ:HB(H Co't/\([}'fi))i}'f lod ‘ﬂ‘]> _

P(S?|877 M7 x

| | Dynamic

P(Z7187Cim;)x

| Observation

.
[1=

P(B'|m) x P(B]|B'S! B/ 'm;)x |

P(M°|m;) x P(S?|m;) x P(C°|m;)x

P(B|m;) x P(2°|8°C ;) x

Bessiére©2005

P\ MOSOBOr;) x P(3%|B°SOn;) x P(a?|COB°SOr;) %

Behaviour Selection

\P(CI|7)x P(aj | O S/ B a)x | |Focus of Attention

P(M|m;) x P(X|MIBIS? ;\[-'*171-,-)| |Motor

CENTRE NATIONAL
DE LA RECHERCHE
SCIENTIFIQUE

Decision process

mt-! * P(Slf'l)

Prediction

P(SY)

—»| Attention

z!

»| Behaviour

bt

P Estimation

P

P(S)

Bessiére©2005

Motor —Vo—mt %

CENTRE NATIONAL
DE LA RECHERCHE
SCIENTIFIQUE
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Selective Perception Question “
Attention
Attention O c
P(Ct ‘:():L_l C():t-l b():t ,n():t_l /\({J:f—l 13(‘):{0(-):{7.") ~
P(B!|n;) x P(B!|BtStbt=1x;)x
P(Ctm;) x P(at|CtStBm;) %
P! |0t it 0ty Ostaml \Ostoml 30t Oty % e A RecheRcHE
84
Representation
of space
Bessiére©2005 % :cﬁésﬁsﬁru?m{

42



85
Bayesian maps
("~ Spécification
* Variables :
* P : variable de perception
[;:: * L, : lieu au temps t
g * L :lieuautempst’ (t’ >1t)
g" < * A :variable d’action
) 2 * Décomposition : quelconque
O .
g ) * Formes paramétriques : quelconque
s
& < Identification
=
B > *  Quelconque
= Utilisation
8 * Localisagton P(L, | P)
w2
g < - Prédiction P(L, | A L)
\O + Control&P(A | L, L,)
» Définition de-semport emen
\ - % CENTRE NATIONAL
Bessiére©2005 SCIENTIFIQUE

Review of
Bavesian models
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Review of Bayesian models

@

Bessicre©2005

Bavesian Networks

Bessicre©2005
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Bayesian Network

Xl‘ o X}; '

va
Dc

| lsp N
|ps P(X; Ao aXy) = H P(X, |R)
Pr! =1
\
Fo
Any
1d
|ou
|P(X; | Known)

x % o x x|

PXYEAQT) 89
P(X Y)P(£)P(A)

P@AT|

P@° | T Ty)

P@® | XY QT)

P@* | XY QT A)

CENTRE NATIONAL
DE LA R§CHERCHE.
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Bessiére©2005

Dvnamical Bayesian Networks

e gl

Bessiére©2005

NAL
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SCIENTIFIQUE
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Dvnamical Bayesian Network

I N A
B O A S
P wnXy) = P(Xpa . aXy)x P(X; | K
ol | v 11\
] Fo
1 lany
la
ou
P|x‘;r\kaauw|

Bessicre©2005
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Recursive Bavesian Filters

@

e gl

Bessicre©2005

92
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Recursive Bavesian Filters

P(5'* ¥ 10°n_..a0')  (k=O)=Filtering  (k»0)= Prediction

Bessicre©2005

T " 3
PS° a0 a2 0") = P x P(O° 1:”|xn[m S hxpid |15
-1

(k<0) = Smoothing

93

CENTRE NATIONAL
DE LA RECHERCHE.
SCIENTIFIQUE

Hidden Markov Models

9%

e gl

Bessicre©2005

NAL
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SCIENTIFIQUE
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Hidden Markov Models

v n 01 = P(s%)x P(O° \s”n-n[ws‘ 1Y xpid 15y

i=1

1d
Qu
MAX. o a[P(STA

CENTRE NATIONAL
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SCIENTIFIQUE
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Kalman Filters

e gl

Bessicre©2005
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Kalman Filters

Ao n 0 = PS%) xP(O° | %) n[p(..‘ 15t 19
=1

CENTRE NATIONAL
DE LA RECHERCHE.
SCIENTIFIQUE
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Mixture Models

e gl

Bessicre©2005
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Mixture Models

{ M
S
eel® PIP(Xy a . A Xy) = IZIa,xmxl hen Xy | 7]

Fo
P(X, o a Xy | %) EG(X, A A Xy o 0;)

Bessicre©2005
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Maximum Entropy Models

@

e gl

Bessicre©2005
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Maximum Entropy Models

va
Xy —n Xe
Do
P(X; Xy
sp) u
® " RN ILT A &) |
Ds [:r.‘,i,:x,r ...-x,:] . &
er n :
im0
Fo
fp=1 £, ... fag M observable fumctions
d
S ra——
ou
P(Searched | Known

CENTRE NATIONAL
DE LA RECHERCHE.
SCIENTIFIQUE
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Snapshot on the
inference algorithms

CENTRE NATIONAL
DE LA RECHERCHE.
SCIENTIFIQUE
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Question

P Known)

= Y P(Search a Free| Known)

Free

P(Search A Freen Known)
P(Known)

Free

= % x Y P(Search n Free n Known)

Free

P(L')xP(L* 1 R*)x...xP(L* IR")

1
’

Bessiére©2005

P(X'AX*A..AX")=P(L)xP(L' IR*)x..xP(L'IR")

103

* Marginalisation (integration)
in high-dimensional space

* Searching the modes in high-
dimensional space

2 modes: exact or approximated
* Symbolic simplification

* Numeric computation

CENTRE NATIONAL
DE LA RECHERCHE
SCIENTIFIQUE

Symbolic
simplification

Factorization:

Sum to 1:

[Bessiére et al. 2003]

Distributivity:

Restrictions successives [Raoult & Smail2003]

P(Search | Klwwn) = % X HP(Lj | Rj) X E
j€J Free3

Bessiére©2005

P(Search| Known) = %x g ]:!P(L" IR‘)]

P(Search | Known) = % x Hp(L.f | R-f) N E

P(Searcthnown)=%xHP(Lj IRj)x E

Generalized distributive law [Aji & McEliece2000]

11 P(L’” |R’”)x D

meM

104

HP(L" [ Rk)

jes Freellkek

[Te(£' 17"

IEL

JjEJ Free2

HP(L”|R”)X...X > HP(L"IR")

neN FreeX LoE
CENTRE NATIONAL
DE LA RECHERCHE
SCIENTIFIQUE
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Numeric computation (exact)

P(Search| Known) = %x [IP(L 1R x hg{ TP 1R)x S [QP(L" IR)x..x 3 [ITP(E IR”)]]]

P,

106

Arithmetic of very small numbers

* PIFloat a new type of number specific to encode probabilities
* 64 bits representation with 32 bits mantissa

* Very efficient implementation of the corresponding arithmetic

Bessiére©2005
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Numeric computation (approximated)

* MCMC for integration

* Genetic Algorithm to search the modes

Bessiére©2005

107

MCMC + Annealing

108

P(XTHK) = p(X) Yy g(X.L")

08 [
, N =100
04

02

-0.2
=30 -20 -10 0 10 20

Bessiére©2005

30

54



109

Multi-Resolution Binary Tree

(MRBT)

Bessiére©2005

110

Multi-Resolution Binary Tree (MRBT)

* Very compact representation

* Multi-resolution: more precision in high

probability area
* Very efficient draw

* Incremental and anytime representation

Bessiére©2005

55



111

Bavesian Hardware (2)

Bessiére©2005

112

Parallelization (1)

Bessiére©2005
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Parallelization (2)

Bessiére©2005

113

Bessiére©2005

Data and

Preliminary
knowledge

114
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PX'®X’®..0X"16@7)

P(A®TI) = P(IT)x P(A ITT) = P(A) x P(ITI A)

* Direct problem:

P(AITI) = —P(A);(I;i)nm)

* Inverse problem:

P(IT) x P(A I TT)

P(ITIA) = Pa)

CENTRE NATIONAL
DE LA RECHERCHE
SCIENTIFIQUE
Bessiére©2005
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Bernoulli's Urn (1)

¢ Variables

Draw
* Decomposition
P(Draw| )
¢ Parametrical Form
P(Draw = black]l w) = b
w+b
. w
P(Draw = white]|z) =
w+b

Preliminary Knowledge nt: "We draw from an urn containing w white

balls and b black balls"

Bessiere©2005
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CENTRE NATIONAL
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Bernoulli's Urn (2)

* Variables:
A = Draw, ® Draw, ®... ® Draw,,

w

B

I=n0"®@W®B
* Decomposition:

P(AITI) = P(Draw, ®... ® Draw,, |7’ ® W ® B)
¢ Parametrical Form:

P([Draw, = white]lx' @ w® b) = Vib
w
Note:
P(Drawz I[Draw, = white]@n' ®w®b) = v:;l n
W p—

= P(Drawl I[Draw2 = white]@n’@w@b)

Bessiere©2005
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(s

P(AITI) =

CENTRE NATIONAL
DE LA RECHERCHE
SCIENTIFIQUE
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Bernoulli's Urn (3)

Nw; =5000,5, = 5000~ N\, =3000,b, =7000.~
P(IT) x P(A I TT)

P(ITIA) = P(a)

P(m,16)  P(x)xP(d1m)
P(m,108) P(m,)x P(S1m,)
RN =
_ P(m) « Wi b w, + b, — P(;:%2|5)
)
X x 42 14
w, b, w, + b,
10,5 2.4
20,10 57
50,25 80
100,50 6728 % CENTRE NATIONAL

Bessiere©2005
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Parameters Identification

Variables:
ATI=IT'®W¥

Decomposition:
P(A®TI)=P(A®TI'®W) = P(IT")x P(¥ITI')x P(A I ¥ ®IT)

L PRI ®W

L xP(Wix')xP(6 I ¥@x')
1)

CENTRE NATIONAL
DE LA RECHERCHE
SCIENTIFIQUE
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Model Selection

Variables:
ATI=IT'®W¥

Decomposition:
P(A®TI)=P(A®TI'®W) = P(IT')x P(¥ITI')x P(A I W ®IT)

P(H’lé)=§%
éxp(n x S[P(WITT') x P(3 1 W SIT')]

Bessiere©2005
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Summary

s e D d it?
Preliminary o We tieed
Where does it come from?
Knowledge How to specify it?
Variables Pre-treatments
Post-treatments
Decomposition
Model
Parametrical Forms Selection
Parameters values Learning

Bessiere©2005
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Entropv Principles

Content:
* Entropy Principle Statement
* Frequencies and Laplace succession law
* Observables and Exponential laws
* Wolf's dice

Bessiére©2005

123

Entropy Principle Statement

20 000 flip of a coins: 9553 heads
Probability distribution of the coin?

\

H(P)= -3 [Pixlog(P))]

Il
=

Bessiére©2005

124
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Observables and Exponential Laws

Observable:
£(V)—> R
Constraint levels:

v, j€{L,.... m}, ;[P(V)xfj(v)]= F,

Maximum Entropy Distribution:

| -ﬁ[ijfj(v)]
——xe
Z(A s A)

130000 oy

Partition Function:
Z(An A)) = e_}”lfl(v)_“'_}”mfm(v)
()=

P'(V)=

Constraints differential equation:

J
Ejlog(z(ll,..., }Lm)) +F =0

CENTRE NATIONAL
DE LA RECHERCHE
SCIENTIFIQUE
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20 000 Flips

Observable: ilog(l sV 4 F =0
f;(V)=1, if Vis "Head"; else f;(V)=0 oA
Constraint levels: eh
= —1 o+ F=0
9553 te
S[P(V)xfi(V)]=F, = 30000 1
v @(——l)e_}”‘=l
Maximum Entropy Distribution: d
* 1 £y (V) 1-F
P (V)= xe M1 < A =log| —
=2 P
Partition Function: ) 1 —1og(l;—lﬁ) f(v)
=——QX¢e
zZ(n) = Ee_}”‘ IV 14 -1 g(%)
vV l+e !

Constraints differential equation:
P(V = Head)) = F

Jd
a—kllog(Z(?»l))+ =0

CENTRE NATIONAL
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11446116464114113552161161411116161611131441. 131316416144164. 3241541 161464116461164564114641641131
11664641461614134351161631641611446116464114113552161161411116161611131441 131316416144164. 3241541
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1611614111161616111314413161414646461. 131. 416413241541, 2314(:4646343436011614641lﬁ%l1645641146416411311lﬁ64ﬁ41461ﬁ14134351
1616316416114461164641141135521611614111161616111314413161414646461. 131. 416413241541, 12314646463434360116146411646116456411
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61131 13241541314616465414641 36011614641164611645641146416411311166464146161413435116163164161144611646411411355216116141111616161113
14413161414646461. 131. 13241541314616465414641 36011614641164611645641146416411311166464146161413435116163164161144611646
41141135521611614111161616111314413161414646461. 131. 3241541"‘ 16465414641 36011614641164611645641146416411311166464146
16141343511616316416114461164641141135521611614111161616111314413161414646461. 13241541314616465414641 36011614641164
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16161611131441. 131316416144164. 3241541 161464116461164564114641641131116646414616141343511616316416
11446116464114113552161161411116161611131441. 131316416144164. 3241541 161464116461164564114641641131
11664641461614134351161631641611446116464114113552161161411116161611131441 131316416144164. 3241541
16146411646116456411464164113111664641461614134351161631641611446116464114113552161161411116161611131441. 131316416144164. 324154131
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416413241541, 2314ﬁ4646343436{ll1614641lﬁMl1645641146416411311lﬁMMldﬁlﬁldl}ﬂSllﬁlﬁ}lMlﬁl1446116464114113552
1611614111161616111314413161414646461. 131. 416413241541, 12314646463434360116146411646116456411464164113111664641461614134351
1616316416114461164641141135521611614111161616111314413161414646461. 131. 416413241541, 12314646463434360116146411646116456411
4641641131116646414616141343511616316416114461164641141135521611614111161616111314413161414646461. 131. 416413241541, 12314646
4634343601161464116461164564114641641131116646414616141343511616316416114461164641141135521611614111161616111314413161414646461. 131. 4164
13241541314616465414641231464646343436011614641164611645641146416411311166464146161413435116163164161144611646411411355216116141111616161113144131614146464613464644644464
61131 13241541314616465414641 36011614641164611645641146416411311166464146161413435116163164161144611646411411355216116141111616161113
14413161414646461. 131. 13241541314616465414641 36011614641164611645641146416411311166464146161413435116163164161144611646
41141135521611614111161616111314413161414646461. 131. 13241541314616465414641 36011614641164611645641146416411311166464146
16141343511616316416114461164641141135521611614111161616111314413161414646461. 131. 13241541314616465414641 36011614641164
61164564114641641131116646414616141343511616316416114461164641141135521611614111161616111314413161414646461. 131. 13241541314616465414
64123146464634343601161464116461164564114641641131116646414616141343511616316416114461164641141135521611614111161616111314413161414646461346464464446461131316416144164316
3241541 161464116461164564114641641131116646414616141343511616316416114461164641141135521611614111161616111314413161414646461346
131316416144164. 3241541 161464116461164564114641641131116646414616141343511616316416114461164641141135521611614111
16161611131441. 131316416144164. 3241541 1614641164611645641146416411311166: 1618141343511616316416
11446116464114113552161161411116161611131441. 131316416144164. 3241541 1614 lMSMllg {éﬁ‘lo\w
RCHE

11664641461614134351161631641611446116464114113552161161411116161611131441. 131316416144164. 3241541314616 1
1614641164611645641146416411311166464146161413435116163164161144611646411411355216116141111616161113144131614146464613464644644464611313164161441643 1 lﬁéeﬁumﬁ
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Frequencies and Laplace Succession Law

Preliminary Knowledge:
1- Each of the 20 000 digit is a number
2- The 20 000 data come from the same phenomenon
3- A single variable V has been observed 20 000 times
4- The order of these observations is not relevant

P(v=i)=

_l
n

5- The variable V may take 6 different values

n +1
]) n+|V]

[v=i

V=1 V=2 V=3 V=4 V=5 V=6 Total

ni 3246 3449 2897 2841 3635 3932 20000
Uniform | 0,16666 0,16666 | 0,16666 | 0,16666 0,16666 | 0,16666 1
Laplace 0,16230 0,17245 0,14486 | 0,14206 0,18174 | 0,19659 1
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Wolf's dice (1)

H1 Hypothesis: excavations shifted the gravity center
f(V)=V F, =3.5983

P*(V) - % % 60.03372><V

V=1 V=2 V=3 V=4 V=5 V=6 Total

ni 3246 3449 2897 2841 3635 3932 20000
Uniform | 0.16666 0.16666 | 0.16666 | 0.16666 0.16666 | 0.16666 1
Laplace 0.16230 0.17245 0.14486 | 0.14206 0.18174 | 0.19659 1
Hl 0.15294 [ 0.15818 | 0.16361 0.16922 0.17502 | 0.18103 1
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Wolf's dice (2)

H2 Hypothesis: The dice is oblong along the 1-6 direction and
the excavations shifted the gravity center
f(V)=V F =3.5983
f,(V)=-1if V=1orif V=0; else f,(V)=0

6
b= 20000 21” x £,(i) = 0.3589

P*(V) =l o QL 03234xV=0.1104xE (V)
z

V=1 V=2 V=3 V=4 V=5 V=6 Total

ni 3246 3449 2897 2841 3635 3932 20000
Uniform | 0.16666 0.16666 | 0.16666 | 0.16666 0.16666 | 0.16666 1
Laplace 0.16230 0.17245 0.14486 | 0.14206 0.18174 | 0.19659 1
Hl 0.15294 | 0.15818 | 0.16361 0.16922 0.17502 | 0.18103 1
H2 (1-6) | 0,16497 0,15259 | 0,15760 | 0,16278 0,16813 | 0,19393 1
H3 (2-5) | 0,14803 0,16808 | 0,15843 0,16390 0,18612 | 0,17543 1
H4 (3-4) ] 0,16433 0,16963 0,14117 0,14573 0,18656 0,19258 1
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Wolf's dice (3)

Inverse Problem:

P(hi|6)=Pfhi)xP{6|h,-)

P(o)

3246 3449 2897 2841 3635 3932
P(‘S Iy ) =Wxp; X Di> X Di3 XPia XDis XD

Laplace| h4 h2 h3 hl Uniform

P(hi) | 0.99 0.01 10 10 10+ 10

Bessiére©2005
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Theoretical Basis

Objective:
Justify the use of the
entropy function H

Content:
* What is a good representation?
*Combinatorial justification
* Information theory justification
* Bayesian justification
* Axiomatic justification
* Entropy concentration theorems justifications

Bessiére©2005
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What is a Good Representation?

Bessiére©2005
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Combinatorial Justification

Statistical Mechanic

134

Probabilistic Inference

q microscopic states

q propositions

Macroscopic state v = {nl,..., nq}

Distribution O, = {pl,..., pq}

q
Vi, j€{1,... m}; Ep,- xfj(vl-) =F

i=1

n!
W) = ml!x..xn,)

n!
(nx py)!x... x (nx pq)!

W(o,)-

og(W(v,)) = - 3 Pcg( )

log(W(ék)) =~-nx gpi log(p;)

v w
10000,10000 10386
9553,10447 101384

0,20000 1

Bessiére©2005

v w
10000,10000 10386
9553,10447 101384

0,20000 1
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Shannon’s justification

Shannon C. E. (1948) ; “A Mathematical Theory of
Communication” ; Bell Systems Technical Journal ; 27

Reprinted as Shannon C.E. & Weaver (1949) “The Mathematical
Theory of Communication” ; University of Illinois Press, Urbana
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Shore’s Axiomatic Justification

Shore, J.E. & Johnson, R.W. (1980) ; “Axiomatic derivation of the
principle of maximum entropy and the principle of minimum cross-
entropy” ; IEEE Transactions on Information Theory ; IT-26 26-37

Bessiére©2005

68



140

Entropy Concentration Theorem

Jaynes E.T. (1982) ; “On the rationale of Maximum Entropy
Methods” ; Proceedings of the IEEE

Robert Claudine (1990) ; “An Entropy Concentration Theorem:
Applications in Artificial Intelligence and Descriptive Statistics”
; Journal of Applied Probabilities
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